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ABSTRACT
In this article, the temperature of biological tissues is estimated during
hyperthermia therapy, while accounting for uncertainties in the bioheat
transfer problem and in the available measurements. A state estimation
problem is solved with the Steady-State Kalman Filter. The Pennes bioheat
transfer model and the PRF-Shift Magnetic Resonance Thermometry are
used as evolution and observation models, respectively. Instead of using
the direct inversion of the measured data as with the PRF-Shift Magnetic
Resonance Thermometry, the state-estimation framework allows for
enhancing the spatial resolution of the estimated temperature variation
and reducing the related uncertainties. Since the time consuming steps of
the Steady-State Kalman Filter can be performed offline, the recursive solu-
tion of the state estimation problem is performed with computational
times smaller than the simulated physical times. Synthetic measurements
are used for the state estimation problem in a region of the human fore-
arm, for radiofrequency and laser-diode heat sources of the hyperther-
mia therapy.
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1. Introduction

One of the main objectives in oncology research has been the development of minimally invasive
or noninvasive cancer treatment protocols in order to reduce risk of post-surgical complications,
patient’s recovery time and cost [1]. Although noninvasive treatments are already clinically avail-
able, new methods have been recently under development, including hyperthermia, where heat is
applied to make the tumor more vulnerable to cytotoxic agents or to directly kill the cancerous
cells by necrosis [2–3]. Hyperthermia aims at increasing the temperature of tumor cells, while
allowing only minimal thermal damage to healthy cells [4–7]. Therefore, real-time monitoring of
the temperature in the region containing the tumor is required for a successful and safe hyper-
thermia treatment. Magnetic resonance thermometry (MRT) [2, 8] has been used for the meas-
urement of the internal temperature of the body, by means of the PRF-Shift method developed
by Ishihara et al. [9]. Such method can be used with conventional magnetic resonance (MR)
equipment currently found in most hospitals. However, the MR measured data is commonly
inverted with an algebraic equation to recover the local internal body temperature in the
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PRF-Shift method. Therefore, measurement uncertainties are directly propagated to the estimated
temperatures, which are usually quite noisy. In this article, the temperature is recovered through
the solution of a state estimation problem [7, 10–13]. It deals with uncertainties in the evolution
and observation models, thus, reducing inaccuracies and instabilities inherent to the direct inver-
sion of the magnetic resonance data. The state estimation problem is solved with an asymptotic
version of the Kalman filter, referred to as Steady-State Kalman Filter (SSKF) [14–16]. This ver-
sion results in a significant reduction of the computational effort of the Kalman filter. Recently,
we demonstrated that SSKF can be applied in real-time monitoring of the internal body tempera-
ture with uncertainties much smaller than those resulting from the direct inversion of the MR
data [14]. In this article, we extend our previous work [14] to include two possible hyperthermia
treatments, based on radio frequency [17–22] or laser heat sources [23–26]. The cases considered
here involve simulated measurements in the region of interest around the tumor, on a mesh
much coarser than that used for the estimation of the state vector. Therefore, the spatial

Nomenclature

A surface area of the tumor (m2)
B0 external magnetic field (T)
cb specific heat of blood per unit of mass

(J kg-1 �C-1)
cp specific heat of tissues per unit mass

(J kg-1 �C-1)
E electric field (V m-1)
E0 maximum laser irradiance at the boundary

(W m-2)
F evolution matrix
f frequency of electric field waves (Hz)
fa anisotropy factor
gh external volumetric heat generation

(W m-3)
gm metabolic volumetric heat generation

(W m-3)
H observation matrix
h heat transfer coefficient (W m-2 �C-1)
K Kalman gain matrix
k thermal conductivity (W m-1 �C-1)
ke electrical conductivity (S m-1)
M magnetization (A m-2)
P covariance matrix of the estimated

state variables
Q covariance matrix of the evolution model
R covariance matrix of the observa-

tion model
R magnetic induction loop radius (m)
r position vector (m)
s chemical shift
T temperature (�C)
Ta arterial blood temperature (�C)
T0 baseline temperature (�C)
T1 external temperature (�C)
t time (s)
tE echo time (s)
u electric potential (V)
v observation noise vector (degree)
w state noise vector (�C)

x state vector (�C)
y observation vector (degree)

Greek letters
a temperature dependence of chemical shift

(ppm �C-1)
btr transport attenuation coefficient (m-1)
c gyromagnetic ratio (MHz T-1)
DT temperature increase (�C)
Dt time step (s)
DU phase shift (degree)
@X boundary of physical domain
er relative electric permittivity (F m-1)
h concentration of nanoparticles
j laser energy absorption coefficient (m-1)
l0 magnetic permeability of vacuum (H m-1)
ns scattering coefficient (m-1)
ns’ reduced scattering coefficient (m-1)
p probability density function
q density of tissues (kg m-3)
qb density of blood (kg m-3)
v�� magnetic susceptibility of nanoparticles

(kg m A-2)
u total fluence rate (W m-2)
up primary fluence rate (W m-2)
us secondary fluence rate (W m-2)
X physical domain
x angular speed (rad s-1)
xb blood perfusion rate in the tissue (s-1)

Superscripts
þ posterior
� prior
^ estimate

Subscripts
1 value at steady-state
n time tn
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resolution of the recovered transient temperature field can be enhanced with the solution of the
state estimation problem, as demonstrated below.

2. Magnetic resonance thermometry

The application of magnetic resonance (MR) techniques to nonintrusive thermometry has been of
interest of the radiology community for almost 70 years, since the temperature dependence of the
chemical shift was first documented [2, 27]. The Proton Resonance Shift (PRF-shift) thermometry
[9] became the most widely used and accepted method for performing measurements of the
internal body temperature using magnetic resonance. Although other techniques have also been
developed, for example, based on the longitudinal relaxation time t1 [28] and on the molecular
diffusion coefficient [29], they are outperformed by the PRF-Shift method [2, 30].

The basic principle of magnetic resonance is associated with the fact that atomic nuclei with
nonzero spin present a natural frequency when subjected to an external magnetic field, B0. Such
nuclei have an intrinsic magnetic moment that, in the presence of B0, performs a precession
movement around the axis of B0. Under such conditions, excitation of an atomic nucleus by an
AC magnetic field B1 with frequency x results in the magnetic resonance phenomenon. This pro-
cess is illustrated by Figure 1, where the magnetization, M, represents the magnetic moment
density [31]. The precession movement has a well-defined frequency, called Larmor frequency
[32], given by

x ¼ cB0 (1)

where c is the gyromagnetic ratio.
Atomic nuclei are surrounded by electrons, which induce a secondary magnetic field.

Therefore, the global magnetic field experienced by the nuclei is expected to deviate slightly from
B0 and the respective Larmor frequency is different from that given by Eq. (1). The local mag-
netic field and the Larmor frequency are, thus, given respectively by:

BðrÞ ¼ ½1� sðrÞ�B0 (2a)

xðrÞ ¼ ½1� sðrÞ�cB0 (2b)

where s(r) is called the chemical shift.
The PRF-Shift method is a MRT technique based on the temperature dependence of the chem-

ical shift. In the temperature range from –15 �C to 100 �C, the chemical shift can be considered
as a linear function of temperature and independent of the tissue (except for fat) [9, 33]. Note

Figure 1. Precession of the global magnetization M around the axis of the external magnetic field B0 (modified from
Kuperman [33]).
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that this range includes the temperatures of interest for hyperthermia treatments. Therefore, we
can write

@sðr,TÞ
@TðrÞ ¼ a (3)

where typically a ¼ – 0.01 ppm �C�1 [2, 8].
Eqs. (2b) and (3) show that changes of the tissue temperature promote variations of the

Larmor frequency. Hence, during the precession movement M performs a different angular dis-
placement DU, which is called the phase-shift. Consider a tissue at a temperature T0 and later
at a temperature T. The temperature variation is related to the variation of the phase-shift by
[2, 8, 9]

DTðr, tÞ ¼ Tðr, tÞ � T0ðrÞ ¼ DUðT, r, tÞ � DUðT0, rÞ
acB0tE

(4)

where DU(T) can be measured in standard MR equipment using gradient-echo (GRE) pulse
sequences, where tE is the echo time.

Eq. (4) shows that the PRF-Shift method can be used to measure the temperature variation,
DT(r,t). In practice, DU(T0,r) is initially measured for the local temperature T0(r) before the
hyperthermia treatment. Then, DU(T,r,t) is measured during the treatment to recover DT(r,t)
with Eq. (4).

On the other hand, we follow here the technique advanced in our previous work [14] and
solve a state estimation problem, in order to avoid the direct inversion of the measured
DU(T,r,t) to recover the local body temperature variation. The mathematical formulations of
the phenomena involved in the hyperthermia treatment and in the measurement of some
dependent variable of the system are required for the solution of state estimation problems.
Eq. (4) is used as the observation model, while the bioheat transfer model used in this work
is described next.

3. Bioheat transfer model

The classical Pennes bioheat transfer model [34] is used here for the hyperthermia treatment on
an actual geometry of the right forearm, obtained from the Visual Human Dataset (VHD) [35,
36] (see Figure 2). For the present problem, blood flow through major vessels was neglected.
Different tissues in the region were taken into account by the physical properties that were con-
sidered as position dependent. The region is initially at the temperature T0(r). The boundary sur-
face is supposed to exchange heat by convection and linearized radiation with the surroundings
at temperature T1, with a heat transfer coefficient, h. The bioheat transfer mathematical model is
given by:

qðrÞcpðrÞ @Tðr, tÞ
@t

¼ r � ½kðrÞrTðr, tÞ�þ
þ xbðrÞqbcb½Ta � Tðr, tÞ� þ gmðrÞ þ ghðr, tÞ, r 2 X, t � 0

(5a)

kðrÞ @Tðr, tÞ
@n

þ hT ¼ hT1, r 2 @X, t � 0 (5b)

Tðr, tÞ ¼ T0ðrÞ, r 2 X, t ¼ 0 (5c)

The three volumetric heat generation terms in Eq. (5a) correspond to blood perfusion, metabolic
heat generation, and heating during the hyperthermia treatment, respectively. For convenience in
the analysis, since the PRF-Shift method gives the temperature variation, DT(r,t) (see Eq. 4), it is
possible to write
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Tðr, tÞ ¼ T0ðrÞ þ DTðr, tÞ (6)

Here, T0(r) is obtained from the solution of the following steady-state problem, which corre-
sponds to the bioheat transfer problem before heating is imposed in the hyperthermia treatment:

r � ½kðrÞrT0ðrÞ� þ xbðrÞqbcb½Ta � T0ðrÞ� þ gmðrÞ ¼ 0, r 2 X (7a)

kðrÞ @T0ðrÞ
@n

þ hT0ðrÞ ¼ hT1, r 2 @X (7b)

By using Eqs. (5)–(7), we obtain the following problem for DT(r,t):

qðrÞcpðrÞ @DTðr, tÞ
@t

¼ r � fkðrÞr½DTðr, tÞ�g � xbðrÞqbcbDTðr, tÞ þ ghðr, tÞ,
r 2 X, t > 0

(8a)

kðrÞ @DTðr, tÞ
@n

þ hDTðr, tÞ ¼ 0, r 2 @X, t > 0 (8b)

DTðr, tÞ ¼ 0, r 2 X, t ¼ 0 (8c)

For the idealized cases examined in this work, the region shown by Figure 2 was represented
in terms of three tissues, namely: dermis/epidermis, muscle and bone/bone marrow, as illustrated
by Figure 3a. This figure also shows a circular region in the muscle that mimics a tumor to be
heated during the hyperthermia treatment. The bioheat transfer problems given by Eqs. (7) and
(8) were discretely solved on an unstructured mesh (see Figure 3b), generated with the GMsh
software [37]. The numerical solution of the bioheat transfer problem was obtained by finite vol-
umes [38] with the cross-diffusion correction term from Mathur and Murthy [39]. Code and
solution verification can be found in [14].

Figure 2. Geometry of the problem: (a) transversal section of right human forearm, obtained from VHD [35, 36] and (b) physical
model with dimensions.
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The two heating models examined in this work for the hyperthermia treatment are described
below. They involve heating in the radiofrequency range by using electrodes located on the skin
surface of the forearm, as well as heating imposed by a laser-diode in the near-infrared range.

3.1. Radiofrequency heating

For the heating in the radiofrequency range, electromagnetic waves are usually imposed in fre-
quencies between 3 kHz and 300GHz, by using electrodes located on the surface of the body [18,
40]. Magnetic nanoparticles are also used to improve the localized heating in the tumor region
and avoid thermal damage to the healthy cells [18, 38], so that the resulting volumetric heat
source resulting from the external radiofrequency source is written as [18, 40]

ghðrÞ ¼ ð1� hÞ ke
2
þ h

9
16

v00

l0pfR2

� �
jEðrÞj2 (9)

The combined Joule heating in the polarizable and magnetizable media given by Eq. (9) is
assumed to be time-invariant, where ke is the electric conductivity of the local tissue, v00 is the
magnetic susceptibility of the nanoparticles, l0 is the magnetic permeability of the free space, f is
the externally applied electric field frequency, R is the radius of the magnetic induction loop and
E is the local value of the electric field. The concentration of the nanoparticles in the tumor is h
¼ npr2/A, where A is the tumor area.

The electric field can be written as a function of the electric potential, u, that is,

EðrÞ ¼ �ru (10)

For the frequencies of the imposed electric field that are commonly used for the hyperthermia
treatment, the electric potential can be obtained from the solution of the Gauss’s equation for
polarizable media:

r � ½erðrÞruðrÞ� ¼ 0, r 2 X (11a)

Two electrodes were considered for the heating in the radiofrequency range, with voltages uþ

and u� imposed uniformly over @X1 and @X2, respectively, as shown in Figure 4. The remaining
boundary surface is electrically insulated, so that boundary conditions for Eq. (11a) can be writ-
ten as

Figure 3. Tissue distribution among the physical domain: (a) separation by tissue type and (b) unstructured triangular grid used
in the Finite Volume Method.
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u ¼ uþ, r 2 @X1 (11b)

u ¼ u�, r 2 @X2 (11c)

@u
@n

¼ 0, r 2 @X3 [ @X4 (11d)

3.2. Laser heating

The model for the laser heating in the near-infrared range used in this work is based on referen-
ces [23, 26, 41]. We assume a time invariant heat source, resulting from light propagation and
absorption by the tissue, so that,

ghðrÞ ¼ jðrÞuðrÞ (12)

where jðrÞ is the laser energy absorption coefficient and u(r) is the laser fluence rate. The fluence
rate is split into collimated (primary) and diffusive (secondary) contributions, up(r) and us(r),
respectively, where

uðrÞ ¼ upðrÞ þ usðrÞ (13)

The primary fluence rate is associated to the collimated fluence whose behavior is described by
Beer-Lambert�s Law [23], given by Eq. (14a), where btr is the transport attenuation coefficient and
g is the independent spatial variable in the direction of the collimated light propagation applied
locally orthogonal inwards on the surface of the forearm. The attenuation coefficient is given by
Eq. (14b), where ns’ is the reduced scattering coefficient, calculated with Eq. (14c), ns is the scat-
tering coefficient, and fa is the anisotropy factor.

dupðgÞ
dg

¼ �btrðgÞup, g > 0 (14a)

btr ¼ jþ n0s (14b)

n0s ¼ ð1� f 2a Þns (14c)

The boundary condition specified for the collimated contribution of the fluence rate at the sur-
face of the forearm, g ¼ 0, is given by [23]

up ¼ E0, g ¼ 0 (14d)

Figure 4. Sketch of the electrodes used for the radiofrequency heating model.
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The d-P1 diffusion approximation is used for the diffusive fluence rate, us(r) [23]. The mathem-
atical formulation for this boundary value problem is given by [23, 41]

r � �DðrÞrus þ
ns

0ðrÞfa0ðrÞ
btrðrÞ

upðrÞes
" #

þ jðrÞusðrÞ ¼ ns
0upðrÞ, r 2 X (15a)

�DðrÞ @usðrÞ
@n

þ 1
2A1

usðrÞ ¼ � ns
0ðrÞfa0ðrÞ
btrðrÞ

upðrÞ, r 2 @X (15b)

where

D ¼ 1
3btr

(15c)

fa
0 ¼ fa

1þ fa
(15d)

A1 ¼ 1þ R2

1� R1
(15e)

In Eqs. (16a)–(16e), D is the laser light diffusion coefficient, es is the unit vector at the dir-
ection g of propagation of the collimated laser beam, A1 is the Fresnel coefficient, while R1

and R2 are the first and second moment of the Fresnel reflection coefficient, respectively
[23, 41].

4. State estimation problem

The mathematical models described so far constitute the forward (direct) problem, in which the
temperature variation field is evaluated after defining initial and boundary conditions, geometry,
thermal properties and heat sources. On the other hand, this work is aimed at using these math-
ematical models and the phase-shift measurements obtained from magnetic resonance equipment
in order to estimate the temperature in the whole domain, X, during a hyperthermia treatment.
Such an inverse problem is solved here as a state estimation problem within the Bayesian frame-
work of statistics [10–16]. The state vector, x, in this work is given by the values of temperature
variations in each of the control volumes in the numerical mesh used for the domain discret-
ization, while the observation vector, y, contains the phase-shift measurements, that is,

x ¼ DTðr, tÞ (16a)

y ¼ DUðT, r, tÞ � DUðT0, rÞ (16b)

In this work, these vectors are assumed to evolve in time by respectively following evolution and
observation linear models, with additive Gaussian noises, that is,

xn ¼ Fn�1xn�1 þ sn þ wn (17a)

yn ¼ Hnxn þ vn (17b)

Here, the subscript n denotes a time instant, tn, F is the evolution matrix, s is a vector that con-
tains the external excitations (such as boundary conditions and heat sources), H is the observa-
tion matrix, while w and v are the noise vectors for the evolution and observation models,
respectively. These forms of noise vectors are assumed to follow a Gaussian distribution with
zero mean and known covariance matrices Qn and Rn, respectively.

The evolution matrix, F, results from the numerical discretization of Eqs. (8a)–(8c) via the
implicit finite volume method. On the other hand, the observation matrix, H, depends on the
region where the phase-shift measurements are available for the solution of the state estimation
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problem. Consider, for example, that measurements are available on the same finite volumes used
for the evolution model. Thus, we can write (see also Eq. 4):

Hn ¼ �actEB0I (18)

where I is the identity matrix. On the other hand, the measurements may be focused on a special
Region of Interest (ROI) where the most important phenomena take place, thus, avoiding an
excessive amount of measured data and unnecessary computational work. For the present applica-
tion, the ROI is the region around the tumor (see Figure 3), where the largest temperature varia-
tions take place due to the hyperthermia treatment. With the state estimation approach used in
this work, it is also possible to use measurements from a coarse mesh and then estimate the state
vector on a more refined mesh [14].

The cases considered in this work involve measurements only on the ROI around the tumor.
Moreover, the measurements are considered available on a mesh much coarser than that used for
the estimation of the state vector. Figure 5a shows the mesh used for the evolution model, having
noticeable refinement around the tumor. The coarse mesh used for the measurements is shown by
Figure 5b. Amplifications of Figures 5a, b around the ROI are presented by Figures 6a, b, respect-
ively. These figures clearly show that the measurements are considered available on a mesh much
less refined than that used for the computation of the state variables with the evolution model.

With the hypotheses described above, the state estimation problem with the evolution and
observation models given by Eqs. (17a) and (17b), respectively, can be optimally solved with the
Kalman filter [10–13, 15]. The recursive equations of the Kalman filter, which require floating
point operations of the order m3 per time step, where m is the size of the observation vector, are
given by [10–13, 15]

x̂�n ¼ Fn�1x̂n�1
þ þ sn (19a)

P�
n ¼ Fn�1P

þ
n�1F

T
n�1 þ Qn (19b)

Kn ¼ P�
n H

T
n ½HnP

�
n H

T
n þ Rn��1 (19c)

x̂þn ¼ x̂�n þ Kðyn �Hnx̂
�
n Þ (19d)

Pþ
n ¼ ðI� KnHnÞP�

n (19e)

Figure 5. Numerical meshes for (a) state vector and (b) observation vector.
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The present state estimation problem involves evolution and observation matrices that are time-
invariant. Similarly, by taking into account that the covariance matrices of the evolution and
observation noises are constant, we can write:

Fn ¼ F, Hn ¼ H, Qn ¼ Q, Rn ¼ R (20)

For linear time-invariant systems, the Kalman gain, as well as the prior and posterior error
covariance matrices, present an asymptotic behavior [15], that is,

P�
n ffi Pþ

n ffi P1, Kn ffi K1 (21)

In this case, the so-called Steady-State Kalman Filter [15] can be used in order to reduce the
computational effort to floating point operations of the order m2 per time step. Although this
version of the Kalman filter is not optimal, it has been successfully applied to real-time estimation
of the internal temperature with phase-shift measurements [14], as well as to estimation of
boundary heat fluxes [16]. The Steady-State Kalman Filter includes the following two equations
that are solved only once:

P1 ¼ FP1FT � FP1HT ½HP1HT þ R��1HP1FT þ Q (22a)

K1 ¼ P1HT ½HP1HT þ R��1 (22b)

Eq. (22a) is a Discrete Algebraic Riccati Equation for P1, which can be solved with available
numerical libraries such as SLICOT [42], which was used in this work. Although the solution of
Eq. (22a) is very time consuming, it can be performed offline because it does not depend on the
measured data and on the sequentially estimated state variables. With K1 computed from Eq.
(22b), the state variables are then estimated by recursively applying:

x̂þn ¼ ½I� K1H�Fx̂n�1
þ þ K1yn (22c)

5. Results and discussions

For the verification of the Steady-State Kalman Filter, as applied to the solution of the present
state estimation problem with state variables and observations given by Eqs. (17a) and (17b),

Figure 6. Detail of the ROI for (a) state vector and (b) observation vector.
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respectively, different sets of synthetic measurements were used in this work, obtained with each
heating model. For hyperthermia imposed either by the radiofrequency or laser heating, tempera-
ture variations were calculated with the solution of the direct problem. In the ROI, these varia-
tions were transformed to phase-shift values with Eq. (4), which give the means yexactn of the
Gaussian observations yn, that is

yn � Nðyexactn ,RÞ (23)

The observations are assumed to be uncorrelated and with constant standard deviation rDU ¼
0.2�. Hence, R is given by

R ¼ r2DUI (24)

The covariance matrix of the state evolution model, Q, was obtained via Monte Carlo simula-
tions, by assuming Gaussian distributions for the thermophysical properties, with means and
standard deviations given by Table 1. Uncertainties in other model parameters were not consid-
ered in the analysis. The values used in the simulations for the blood perfusion coefficient and
for the metabolic heat generation rate are presented in Table 2. The thermal properties in the
tumor were assumed to be the same as in the muscle, except for the perfusion coefficient and the
metabolic heat generation rate that are expected to be larger due to its increased vascularization.
By following references [18, 43–46], we assumed the metabolic heat generation rate to be one
order of magnitude larger for the cancerous tissue than for the healthy muscle.

The results obtained with the simulated measurements resulting from the radio frequency and
laser heating techniques are presented and discussed next.

5.1. Radiofrequency heating

We consider the tumor loaded with n¼ 108 Fe3O4 nanoparticles, with radius r¼ 10�8 m and v00¼
18 [18, 40]. The values of the electrical properties used for the tissues are presented by Table 3,
while Table 4 shows the physical properties of the Fe3O4 nanoparticles.

For this case, the electric potential field was calculated with u– ¼ 0V and uþ¼ 10V. The exact
and the estimated spatial distributions of the temperature variation are presented by Figures 7–9,
for times t¼ 20, 40 and 60 s, respectively. These figures show that the temperature variations in
the whole region can be accurately estimated, despite the fact that measurements are taken only
in the ROI and that large uncertainties are considered in the evolution and observation models.
In fact, the estimated spatial distributions of the temperature variation are stable. That is, the
inverse problem solution is appropriately regularized by the steady state Kalman filter. An ana-
lysis of Figure 9 reveals the temperature variation of 1.7 �C in the tumor, at t¼ 60 s, due to the

Table 1. Thermal properties of biological tissues [47].

Tissue

q [kg m�3] cp [J kg
�1 oC�1] k [W m�1 oC�1]

Mean Standard deviation Mean Standard deviation Mean Standard deviation

Dermis/epidermis 1109 14 3391 233 0.37 0.06
Bone/bone marrow 1178 149 2274 234 0.31 0.03
Muscle 1090 52 3421 460 0.49 0.04

Table 2. Blood perfusion rate and metabolic heat generation rate [47].

Tissue xb/q [ml min�1 kg�1] gm/q [W kg�1]

Dermis/epidermis 106 1.65
Bone/bone marrow 30 0.46
Muscle 37 0.91
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Table 3. Electrical properties of tissue at 1MHz [18, 40, 47].

Tissue ke [S m�1] er
Dermis/epidermis 0.0132 991
Bone/bone marrow 0.0904 249
Muscle 0.5030 1840

Table 4. Physical properties of Fe3O4 nanoparticles [18, 40].

q [kg m�3] cp [J kg
�1 �C�1] k [W m�1 �C�1] ke [S m�1]

5180 4000 40 25000

Figure 7. Temperature variation with the radiofrequency heating at t¼ 20 s: (a) exact and (b) estimated.

Figure 8. Temperature variation with the radiofrequency heating at t¼ 40 s: (a) exact and (b) estimated.
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use of nanoparticles. On the other hand, temperature variations smaller than 0.5 �C are observed
outside the ROI, due to the electrical current in the region that does not contain nanoparticles.

We now proceed to compare the estimation errors obtained with the direct inversion of Eq.
(4) and with the steady state Kalman filter. Since the direct inversion is only possible at locations
where measurements are available, this comparison is focused on the ROI. Figures 10–12 present
the estimation errors at t¼ 20, 40 and 60 s, respectively. The errors obtained with the steady state
Kalman filter are smaller and smoother than those obtained by direct inversion of the magnetic
resonance data. Such is the case because the measurement errors are directly propagated when
Eq. (4) is applied to obtain DT(r,t).

A comparison between the synthetic measurements and the phase-shift values predicted with
the solution of the state estimation problem is presented in Figures 13–15, for t¼ 20, 40 and 60 s,
respectively. As expected, the agreement between measurements and estimated phase-shift values
is excellent, resulting in residuals that oscillate around zero and have an order of magnitude

Figure 9. Temperature variation with the radiofrequency heating at t¼ 60 s: (a) exact and (b) estimated.

Figure 10. Error between exact and estimated temperature variations with the radio frequency heating at t¼ 20 s: (a) direct
inversion and (b) SSKF.
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Figure 11. Error between exact and estimated temperature variations with the radio frequency heating at t¼ 40 s: (a) direct
inversion and (b) SSKF.

Figure 12. Error between exact and estimated temperature variations with the radio frequency heating at t¼ 60 s: (a) direct
inversion and (b) SSKF.

Figure 13. Phase-shift with the radio frequency heating at t¼ 20 s: (a) measurements and (b) estimated with SSKF.
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comparable to the standard deviation for the measurements. The residuals are presented by
Figures 16a–c, for the same time instants considered above.

The time evolution of the temperature variation at the center of the tumor region is presented
by Figure 17a and the related estimation error by Figure 17b. The simulated measurements are
also presented by Figure 17a. These two figures show the more accurate estimates obtained with
the steady state Kalman filter than with the direct inversion of Eq. (4). Notice that the solution of
the state estimation problem has significantly smaller estimation errors.

An important result of this work is related to the estimation of the actual temperature in the
region by using the solution of the state estimation problem, while the direct inversion of Eq. (4)
only provides the temperature variation in the region. That is, after solving the state estimation
problem, the temperature variation can be combined with the solution of the steady-state bioheat
transfer problem for T0(r) (see Eq. 5), to obtain T(r,t). The solution of the steady bioheat transfer
was performed by means of a Monte Carlo simulation, in order to also account for the uncertain-
ties in the thermophysical properties. These estimated temperatures are compared to the exact
ones in Figures 18–20, for t¼ 20, 40 and 60 s, respectively. These figures show that accurate

Figure 14. Phase-shift with the radio frequency heating at t¼ 40 s: (a) measurements and (b) estimated with SSKF.

Figure 15. Phase-shift with the radio frequency heating at t¼ 60 s: (a) measurements and (b) estimated with SSKF.
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Figure 16. Residuals with the radio frequency heating at (a) t¼ 20 s, (b) t¼ 40 s, and (c) t¼ 60 s.

Figure 17. Time evolution of the temperature variation at the center of the tumor region (a), and the related estimation error
(b), when using radio frequency heating.
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estimates can be obtained for the distribution of the temperature in the region. Similarly, the
time variation of the estimated temperature at the center of the tumor region is in excellent
agreement with the exact one, as revealed by Figure 21.

5.2. Laser-Diode heating

For this case, the laser beam was initially applied at the surface of the skin. However, most of the
light was absorbed by the superficial tissues before reaching the ROI, thus, producing no signifi-
cant heating of the desired region containing the tumor. Therefore, an intrusive heating was con-
sidered, with the laser beam applied at the surface of the tumor, along the direction locally
normal to the tumor surface, with E0 ¼ 2000W m�2. The optical properties assumed for the tis-
sues are shown in Table 5. Deposition of nanoparticles was also considered in this case, by

Figure 18. Temperature with the radiofrequency heating at t¼ 20 s: (a) exact and (b) estimated.

Figure 19. Temperature with the radiofrequency heating at t¼ 40 s: (a) exact and (b) estimated.
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assuming the tumor loaded with gold nanorods with effective radius of 11.43 nm at a concentra-
tion of 3	 1015 m�3. These gold nanorods were also assumed to affect only the absorption and
scattering coefficients, according to Table 5 [23]. The first and second moment of the Fresnel
reflection coefficient were assumed to be equal to 0.565 and 0.429, respectively [32].

The exact and estimated spatial distributions of the temperature variations (obtained with the
steady state Kalman filter) are presented in Figures 22–24, for t¼ 20, 40 and 60 s, respectively.
Similarly as in the case of the radio frequency heating, the agreement between estimated and
exact temperature variations when using laser diode heating is excellent. However, we point out
that the heating pattern in this case differs from that obtained with the radio frequency heating

Figure 20. Temperature with the radiofrequency heating at t¼ 60 s: (a) exact and (b) estimated.

Figure 21. Temperature variation at the center of the tumor region when using radio frequency heating.
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(see also Figures 7–9). While the heating of the tumor was quite uniform with the radio fre-
quency external electrodes, the laser heating follows the attenuation of the light intensity along its
main direction of propagation in the tissues. Therefore, as can be noticed in Figures 22–24, the
heating of the tumor region with the laser is nonuniform.

Table 5. Optical properties of tissues [23, 41].

Tissue j [m�1] ns [m
�1] fa

Dermis/epidermis 122 22500 0.9
Bone/bone marrow 54 6670 0.9
Muscle 54 6670 0.93
Tumor with gold nanorods 188.38 22505.19 0.93

Figure 22. Temperature variation with the laser heating at t¼ 20 s: (a) exact and (b) estimated.

Figure 23. Temperature variation with the laser heating at t¼ 40 s: (a) exact and (b) estimated.
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Other results obtained for the case with laser heating are similar to those obtained with the
radiofrequency heating and are summarized below for the sake of brevity. A comparison of the
estimation errors of the temperature variations in the ROI, obtained with the direct inversion and
with the solution of the state estimation problem, are presented in Figure 25, for t¼ 60 s. This
figure shows that the magnitude of the estimation errors obtained with the steady state Kalman
filter are much smaller than those for the direct inversion. Moreover, the estimation errors for
the direct inversion are quite oscillatory, because measurement errors are directly propagated to
the estimated temperature variations obtained with Eq. (4). Such behavior can also be observed
with the time variation of the estimation error at the center of the tumor region, which is pre-
sented in Figure 26.

A comparison between the synthetic measurements and the phase-shift values in the ROI, esti-
mated with the steady state Kalman filter, is shown by Figure 27, for t¼ 60 s. As in the previous
case, the estimated phase-shift distribution is smoother than the measurements, but still keeps the

Figure 24. Temperature variation with the laser heating at t¼ 60 s: (a) exact and (b) estimated.

Figure 25. Error between exact and estimated temperature variations with the laser heating at t¼ 60 s: (a) direct inversion and
(b) SSKF.
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same qualitative behavior due to the influence of the likelihood function in the solution of the
state estimation problem. As a result, the residuals oscillate around zero, with the same order of
magnitude of the standard deviation of the measurements, as shown in Figure 28 for the ROI.
The temperatures obtained with the temperature variations estimated with the steady state
Kalman filter are also in excellent agreement with the exact ones for the laser heating, as shown
by Figures 29a, b, at t¼ 60 s.

Numerical simulations were performed on an IntelVR CoreTM i7-2600@3.40GHz computer,
with 16GB of RAM, running a 64-bit Linux operating system. Computer codes were developed
in FORTRAN90 language and the gfortran compiler was utilized. Parallelization of the recursive
process was performed with OpenMP on 8 threads. The numerical grid, obtained with the GMsh
software [37], involved 10798 grid cells and resulted in a dense F matrix. As for the preprocessing
step, the Discrete Algebraic Riccati Eq. (22a) was solved using the SLICOT numerical library
[42], with computational times between 10 and 14 hours. The recursive estimation process with
the steady state Kalman filter required 45 seconds of computational time, which is well below the

Figure 26. Time evolution of the estimation error at the center of the tumor region with the laser heating.

Figure 27. Phase-shift with the laser heating at t¼ 60 s: (a) measurements and (b) estimated with SSKF.
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physical time of 60 seconds considered in this work. Therefore, the temperature in the region can
be estimated in real time, since the preprocessing step can be performed offline, that is, before
the estimation procedure.

6. Conclusions

The objective of this work was the estimation of the unsteady temperature field in a two-dimen-
sional domain, during the hyperthermia treatment of cancer. The phase shift magnetic resonance
thermometry technique was rewritten as a state estimation problem and solved with the Steady
State Kalman Filter algorithm. The evolution model consisted of Pennes� equation for bioheat

Figure 28. Residuals with the radio frequency heating at t¼ 60 s.

Figure 29. Temperature with the laser heating at t¼ 60 s: (a) exact and (b) estimated.
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transfer, coupled with either an electrical model for the radio frequency heating or a diffusion
approximation for the light propagation in the tissues with laser heating. This work specifically
examined the use of measurements only in the Region of Interest that includes the tumor, where
the largest temperature increases take place during the hyperthermia treatment. In addition, the
local phase shift measurements were considered available on a mesh coarser than that used for
the solution of the state estimation problem. The tumor was considered loaded with nanoparticles
in order to improve the localized heating during the hyperthermia treatment and avoid thermal
damage to surrounding healthy cells.

The numerical simulations resulted in a uniform temperature increase inside the tumor, when
the heating with radio frequency was applied. On the other hand, the laser was strongly attenu-
ated by the tissues along its main direction of propagation, thus, resulting in nonuniform tem-
perature increase of the tumor, even with intrusive heating. Results obtained with simulated
measurements revealed that the Steady State Kalman Filter provided stable and accurate estima-
tions for the temperature in the whole region, despite the fact that the measurements were only
considered on a coarse mesh in the Region of Interest. Moreover, the solution of the state estima-
tion problem resulted in smaller and smoother estimation errors than the direct inversion of the
magnetic resonance data, for both heating techniques examined in this work. The solution of the
state estimation problem with the Steady State Kalman Filter was faster than the physical duration
of the simulated hyperthermia treatment. Therefore, the present solution procedure permits the
real-time estimation of the temperature field in regions undergoing a hyperthermia treatment for
cancer, with results more accurate than the direct inversion of the magnetic resonance data.
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