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Abstract—An increase in computing speeds available from
modern processor and GPUs, has allowed more complex
design optimization problems to be solved. This increase in
complexity typically results in a difficult problem with a highly
non-linear objective function topology. This work develops a
robust optimization algorithm capable of traversing higherdimensional objective function space to find Pareto optimal
designs. The developed algorithm hybridizes several existing
algorithms into a single suite and actively switches between the
algorithms to accelerate the convergence, avoid local minima
and arrive at a diverse set of optimal designs. The optimization
algorithm is able to robustly solve problems with up to 15
objectives. Due to its ability solve problems with large number
of objective and its hybrid nature, the developed algorithm
is named Many-Objective Hybrid Optimizer (MOHO). The
MOHO algorithm was tested on 20 analytical test problems
and outperformed the other algorithms in 65% of the test
problems.

1. INTRODUCTION
Before the advent of multi-objective optimization algorithms, multi-objective design problems were typically
solved by converting it to a single objective problem using
a linear combination of multiple objectives. The development of non-dominated approach for optimization made
it possible to solve multi-objective problems in their true
essence. The optimization problems faced today require the
solution of five to 10+ objectives and are referred to as
many-objective optimization problems. [1], [2].
Many-objective optimization problems pose a difficulty
for algorithms due to the increased dimensionality of the
objective function space. Several algorithms suffer from
clustering of solutions to certain regions of the objective
functions space and fail to preserve diversity in the Pareto
solutions. This higher dimensional objective function space
also gives rise to several local Pareto fronts, any of which an
algorithm might prematurely converge to. These challenges
have given rise to a new set of many-objective optimization
algorithm.
The typical optimization problem with two or more
objectives can be stated as

min

f~ (~x)
f~ = {f1 (~x) , . . . , fl (~x)}
~x = {x1 , . . . , xm }
subject to : x ∈ [ai , bi ] ,

(1)
i = 1, . . . , m

subject to certain equality and inequality constraints. The
algorithms that solve this problem within the manyobjective framework typically use various niching techniques to preserve diversity. Many-objective optimization
algorithms can typically be separated into categories: Decomposition based and Indicator based. Decomposition
based algorithms [3], [4], [5], [6] make use of reference
points or reference vectors to segment the objective function space and guide the search to the scarce areas of the
Pareto fronts. Indicator based algorithms [7], [8] use performance metrics to quantify the superiority of one design
over another to control the recombination and selection
operators.
Although several algorithms have been developed to
solve challenging optimization problems, no one algorithm
has shown the superior over another in every single case.
This is clearly stated in the No-Free-Lunch Theorem for
Optimization [9]. Therefore, it makes sense to combine
several algorithms into a single suite and actively switch
between them. This type of hybrization is known as a relayhybridization [10]. The single-objective version of relayhybrid algorithms have been extensively developed over the
years [11], [12], [13], [14]. The relay-hybrid algorithm was
also developed for multi-objective optimization problems
[15]. Their approach monitored five metrics of performance
and randomly switched to an alternative algorithm is the
currently operating algorithm under performs. This leads to
a chaotic switching where the hybrid algorithm is not able
to deterministically select the best performing algorithm
for the current problem. This issue is addressed in the
current switching strategy. To the authors knowledge, a
many-objective hybrid optimization algorithm has not yet
been developed.
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2. MANY-OBJECTIVE
MIZER (MOHO)

HYBRID

OPTI-

As previously mentioned, the MOHO algorithm actively switching between constitutive algorithms in its suite.
The current version of MOHO contains the NSGA-III
[3], MOEA/DD [5], SPEA-R [4], NSDE-R1B [6], NSDED3 [6] algorithms. These algorithms were selected for
their ability to preserve diversity and increase convergence.
The inner workings of each algorithm is not stated here
for brevity but the readers are referred to their original
manuscripts.
In order to control the switching mechanism in MOHO,
the superiority of one Pareto solution set over another must
be quantified. This metric should be able quantify both
the convergence and diversity of the solution set without
requiring the analytical solution to be known. Once such
metric is the hypervolume [16]. Hypervolume measures the
size of the objective function space dominated by solutions
and a reference point dominated by all Pareto optimal
solutions, Fig. 1. It can be said that one algorithm out
performs another if the hypervolume of its Pareto solutions
is larger than the hypervolume of the Pareto solutions
obtained using another algorithm. The switching procedure
is performed when an algorithm fails to make progress and
enlarge the hypervolume.

monitored and updated at each generation. The POS value
is then computed as
POS (·) =

Nsuccess (·)
Ntotal (·)

(2)

where · is a particular algorithm, Nsuccess are the number of successful attempts, and Ntotal are the total attempts
made by the algorithm. At each generation, MOHO selects
the algorithm with the largest POS to perform the search
at the next generation.

3. ANALYTICAL TEST PROBLEMS FOR
VALIDATING MOHO
The performance of MOHO was investigated using a set
of test problem for which the analytical Pareto optimal front
is known. The test problems are taken from the DTLZ test
suite [17]. These test problems can be scaled to any number
of variables and objectives. Test problems with three, five,
eight, 10 and 15 objectives are investigated. The problems
taken from the DTLZ suite and their characteristics are
shown in Table 1. The values in the DTLZ test problems
were set as the default values suggested by the authors [17].
The algorithm properties were held constants and are taken
directly from [6], [5].
TABLE 1: Properties of DTLZ test problems used to validate the optimization algorithms
Test problem
DTLZ1
DTLZ2
DTLZ3
DTLZ4

Properties
Linear, multi-modal
Concave
Concave, multi-modal
Concave, biased

Analytical solution
Half-unit hyperplane
Unit hypersphere
Unit hypersphere
Unit hypersphere

The performance of the MOHO algorithm is compared
to that of each algorithm contained within the suite. The
performance of the algorithms are quantified using the
IGD metric [18]. The IGD metric measure the distance
between two sets of points. The two sets the points on the
analytical Pareto front, and the Pareto front obtained using
the algorithms. A small value of IGD indicates convergence
to the analytical Pareto front.

4. PERFORMANCE OF MOHO ON
ANALYTICAL TEST PROBLEMS
Figure 1: Hypervolume of Pareto front
In previous works [15], the switching was random.
This could lead to an under-performing algorithm to be
selected. This issue can be addressed using a mechanism
which monitors the performance history of the algorithm
and selects the best performing algorithm. The MOHO
algorithm uses the Probability-of-Success (POS) to control
the switching between algorithms. During the optimization
process, the number of attempts made by each algorithm
and the number of successful attempts of each algorithm is

Figure 2 shows the results of the optimization algorithm on a three-objective DTLZ1 problem. It shows the
analytical Pareto front in grey and the Pareto solution
converged to by the six algorithms in blue. The threeobjective DTLZ1 problem is a linear, multi-modal problem
and features 161,000 local Pareto fronts. It can be seen that
the SPEA-R algorithm under-performs for the DTLZ1 test
problem, thereby proving the validity of the No-Free-Lunch
theorem. Despite having an under-performing algorithm in
its suite, MOHO is able to both converge to the Pareto front
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and preserve diversity. This is also seen in the remaining
four algorithms, but MOHO was able to converge faster.

(e)

(a)

(f)
Figure 2: The Pareto front for a three objective DTLZ1 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

(b)

(c)

(d)

In higher dimensional problems, the performance of the
algorithms is expected to decrease. Figure 3 shows results
of the 15 objective DTLZ1 problem in parallel coordinates.
Since the analytical Pareto front is a half-unit hyperplane,
a well converge solution will have values of all objectives
between 0 and 0.5. A well diversified solution set will
have a uniformly distributed parallel coordinate graph. This
problem also features 161,000 local Pareto fronts, each of
which can cause premature convergence of each algorithm.
It can be seen that in this case, both the SPEA-R algorithm
and the MOEA/DD algorithm fail to converge. Despite
this, since the MOHO suite contains other well-performing
algorithms, it is able to converge to the Pareto front.
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(a)

(b)

(e)

(f)
Figure 3: The Pareto front for a 15 objective DTLZ1 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Figure 4 shows the results of the optimization algorithms on a three-objective DTLZ2 problem. This problem
is concave whose Pareto optimal solutions lie on the unit
hypersphere. In this case, it can be seen that all algorithms
have converged to the analytical Pareto front. However, the
MOEA/DD algorithm is unable to preserve diversity as can
be seen by the scarcity of Pareto solution in the central
region of the front.
(c)

(d)

(a)
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(b)

(f)
Figure 4: The Pareto front for a three objective DTLZ2 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

(c)

Figure 5 shows results of the 15 objective DTLZ2 problem in parallel coordinates. Since the analytical Pareto front
is a unit hypersphere, a well converged solution will have
values of all objectives between 0 and 1.0. It can be seen
that, unlike for a three-objective problem, the MOEA/DD
algorithm performs well for the 15 objective problem. The
SPEA-R algorithm, however, continues to under-perform.
The MOHO algorithm is again able to converge to the
Pareto front automatically.

(d)
(a)

(e)
(b)

Inverse Problems, Design and Optimization Symposium IPDO2019
Tianjin, China, September 24-26, 2019

DTLZ3 problem is a concave, multi-modal problem and
features 59,000 local Pareto fronts. Its characteristics are
similar to the combination of the DTLZ1 and DTLZ2
problems. It can be seen that both the SPEA-R algorithm
and the NSDE-D3 algorithm are unable to converge for the
DTLZ3 test problem. The MOEA/DD algorithm is able
to converge but does not produce uniformly distributed
solution. The MOHO algorithm, however, is able to both
converge to the Pareto front and preserve diversity despite
having three under-performing algorithms in its suite.

(c)

(a)
(d)

(b)
(e)

(c)
(f)
Figure 5: The Pareto front for a 15 objective DTLZ2 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Figure 6 shows the results of the optimization algorithm
on a three-objective DTLZ3 problem. The three-objective
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large number of under-performing algorithms in the suite.
Nonetheless, it is able to produce satisfactory results.

(d)

(a)

(e)

(b)

(f)

Figure 6: The Pareto front for a three objective DTLZ3 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Figure 7 shows results of the 15 objective DTLZ3
problem in parallel coordinates. Since the analytical Pareto
front is a unit hypersphere, a well converge solution will
have values of all objectives between 0 and 1.0. It can
be seen that, unlike for a three-objective problem, the
MOEA/DD algorithm again performs well for the 15 objective problem. The SPEA-R and the NSDE-D3 algorithm,
however, continue to under-perform. It can be seen that the
SPEA-R algorithm is neither able to converge or produce
uniformly distributed solution, whereas the NSDE-D3 is
not able to converge but does produce uniformly distributed
Pareto solution. The convergence of MOHO algorithm is
slightly affected for higher dimensional problems due to the

(c)

(d)
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(e)

(b)

(f)

(c)

Figure 7: The Pareto front for a 15 objective DTLZ3 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Figure 8 shows the results of the optimization algorithm
on a three-objective DTLZ4 problem. The three-objective
DTLZ4 problem is a concave biased problem that draws the
search to a particular region of the Pareto front. It can be
seen that for the lower dimensional problems all algorithms
are able to both converge to the Pareto front and preserve
diversity. The MOEA/DD algorithm slightly struggles to
preserve diversity in the central region of the front.
(d)

(a)

(e)
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(f)

(c)

Figure 8: The Pareto front for a three objective DTLZ4 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Figure 9 shows results of the 15 objective DTLZ4
problem in parallel coordinates. Since the analytical Pareto
front is a unit hypersphere, a well converge solution will
have values of all objectives between 0 and 1.0. For
higher dimensional problems, the SPEA-R algorithm underperforms. The remaining algorithms are able to converge
and preserve diversity in the Pareto front despite the biased
nature of the DTLZ4 problem.
(d)

(a)

(b)

(e)

(f)
Figure 9: The Pareto front for a 15 objective DTLZ4 problem, obtained
using: a) NSGA-III, b) MOEA-DD, c) SPEA-R, d) NSDE-R1B, e) NSDED3 and f) MOHO

Table 2. shows the mean and standard deviation of the
IGD values obtained from 20 runs of each optimization
algorithm on each test problem, where the algorithm with
the lowest mean is highlighted in red. It can be seen that
MOHO consistently performs best for 65% of the test
problems.

TABLE 2. Mean and standard deviation of the IGD obtained by each algorithm for the DTLZ problems. Best performance is coloured in red
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5. CONCLUSION
A robust many-objective hybrid optimization algorithm
was developed by combining five constitutive algorithms.
The developed algorithm actively and deterministically
switches between the constitutive algorithms to avoid local
minima and accelerate convergence. The performance of
the algorithm was investigated on the 20 test problems
from the DTLZ test suite. It was shown that the hybrid
algorithm consistently produced reliable results despite
having under performing algorithms within its suite. It
showed that the switching criteria is able to select an
algorithm that performs best for the current problem.
The MOHO algorithm performed better in 65% of the
test cases. Whereas certain algorithms successfully solve
low-dimensional problem but fail for high-dimensional
problems, MOHO is able to perform robustly for both high
and low dimensional problems. It was demonstrated that
MOHO can cope with problems with up to 15 objectives
with varying degree of difficulty in the objective function
topology.
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