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Abstract
Purpose – The purpose of this paper is to apply the Steady State Kalman Filter for temperature
measurements of tissues via magnetic resonance thermometry. Instead of using classical direct inversion, a
methodology is proposed that couples the magnetic resonance thermometry with the bioheat transfer problem
and the local temperatures can be identified through the solution of a state estimation problem.
Design/methodology/approach – Heat transfer in the tissues is given by Pennes’ bioheat transfer
model, while the Proton Resonance Frequency (PRF)-Shift technique is used for the magnetic resonance
thermometry. The problem of measuring the transient temperature field of tissues is recast as a state
estimation problem and is solved through the Steady-State Kalman filter. Noisy synthetic measurements are
used for testing the proposedmethodology.
Findings – The proposed approach ismore accurate for recovering the local transient temperatures from the noisy
PRF-Shift measurements than the direct data inversion. The methodology used here can be applied in real time due
to the reduced computational cost. Idealized test cases are examined that include the actual geometry of a forearm.
Research limitations/implications – The solution of the state estimation problem recovers the
temperature variations in the region more accurately than the direct inversion. Besides that, the estimation of
the temperature field in the region was possible with the solution of the state estimation problem via the
Steady-State Kalman filter, but not with the direct inversion.
Practical implications – The recursive equations of the Steady-State Kalman filter can be calculated in
computational times smaller than the supposed physical times, thus demonstrating that the present approach can
be used for real-time applications, such as in control of the heating source in the hyperthermia treatment of cancer.
Originality/value – The original and novel contributions of the manuscript include: formulation of the
PRF-Shift thermometry as a state estimation problem, which results in reduced uncertainties of the
temperature variation as compared to the classical direct inversion; estimation of the actual temperature
in the region with the solution of the state estimation problem, which is not possible with the direct inversion
that is limited to the identification of the temperature variation; solution of the state estimation problem with
the Steady-State Kalman filter, which allows for fast computations and real-time calculations.
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Magnetic resonance thermometry
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Nomenclature
B0 = external magnetic field, T;
cb = blood specific heat at constant pressure, Jkg�1 °C�1;
cp = tissue specific heat at constant pressure, Jkg�1 °C�1;
gm = volumetric rate of heat generation due to metabolism, Wm�3;
gh = volumetric rate of heat generation imposed by an external source, Wm�3;
h = convective heat transfer coefficient, Wm�2 °C�1;
H = observation matrix;
k = thermal conductivity, Wm�1° C�1;
P = covariance matrix of the estimated state variables, oC2;
Q = covariance matrix of the Gaussian noise of the evolution model, oC2;
R = covariance matrix of the Gaussian noise of the observation model, degree2;
r = position vector, m;
T = temperature, oC;
Ta = arterial blood temperature, oC;
t = time, s;
tTE = echo time, s;
w = noise vector for the state variables, oC;
x̂ = estimated state variables, oC;
v = noise vector for the observations, degree; and
V = volume, m3.

Greek symbols
a = PRF-shift coefficient, ppm oC�1;
d = phase shift, see equation (9.b), degree;
DT = temperature variation, oC;
Dt = time step, s;
@X = boundary of the physical domain;
g = gyromagnetic ratio, degree s�1T�1;
U = phase, degree;
v = blood perfusion rate in the tissue, s�1;
X = physical domain;
r = density, kgm�3;
r b = blood density, kgm�3;
sd = standard deviation of the phase shift, degree; and
sDT = standard deviation of the temperature variation, oC.

Subscripts
n = time tn

Superscripts
þ = posterior; and
– = prior.

Introduction
One of the main research topics in the area of cancer treatment has been the development of
protocols that are minimally invasive or not invasive at all. This kind of treatment has
several advantages, including minor risks of post-surgical complications, patient’s shorter
recovering time and smaller total operation costs (Hynynen et al., 1996). In fact, non-invasive
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treatments, like radiotherapy, have been commonly used in practice. A promising non-
invasive cancer treatment that has been drawing a lot of attention recently is hyperthermia,
where the temperature of the neoplastic tissue is increased to induce cell necrosis (in this
case, hyperthermia is referred to as thermo-ablation) or improve the sensitivity of the cells to
cytotoxic agents, like chemotherapeutic drugs or radiation (Rieke and Butts Pauly, 2008). An
important requirement for the hyperthermia treatment of cancer is to limit thermal damage
to the cancerous cells, without affecting the surrounding healthy tissues. Recent
technological advances in nanotechnology allowed that nanoparticles, which act as strong
absorbers of electromagnetic waves, be concentrated inside the tumors, thus providing local
heating in the region of interest (Bayazitoglu, 2009; Bayazitoglu et al., 2013; Dombrovsky
et al., 2011; Dombrovsky et al., 2015).

Hyperthermia protocols require the accurate real-time information about the local
temperatures inside the body, especially in the region containing the tumor, where healthy cells
are most likely to be thermally damaged. State estimation problems have been successfully
used to recover the temperature inside the body for hyperthermia treatments, by using
simulated measurements of one single temperature sensor inside the domain (Varon et al.,
2015; Varon et al., 2016; Lamien et al., 2016, 2017). However, these works did not deal with the
practical aspects of the temperature measurement, which is themain focus of this paper.

Magnetic resonance thermometry (MRT) has been a topic of research for several years
now (de Senneville et al., 2005; Rieke and Butts Pauly, 2008). Among the different MRT
techniques available in the literature, the most widely used is the so-called PRF-Shift
method (PRF is the acronym for Proton Resonance Frequency), which was developed by
Ishihara et al. (1995). The temperature measurements obtained with the PRF-Shift
method involve smaller variances than those obtained with other MRT methods
(Wlodarczyk et al., 1998). Several works can be found in the literature with the
application of the PRF-Shift method to hyperthermia, by using the direct inversion of the
magnetic resonance measurements to recover the temperatures (Mougenot et al., 2009;
Salomir et al., 2000a, 2000b, 2003; Weidensteiner et al., 2004; Mougenot et al., 2004). Data
acquisition systems, which include data interpolation for the filtering of noise, have also
been developed to obtain more accurate temperature measurements with the PRF-Shift
method (Yang et al., 1998; De Zwart et al., 1999; Salomir et al., 2000a, 2000b; Kuroda et al.,
2000; Rieke et al., 2004; Kuroda et al., 2006; Langley et al., 2011). Differently from the
above works, in the present paper, the transient temperature field in the region of interest
is recovered through the solution of a state estimation problem (Doucet et al., 2001;
Arulampalam et al., 2002; Chen, 2003; Kaipio and Somersalo, 2004; Simon, 2006; Orlande
et al., 2012), which can cope with uncertainties in the evolution and measurement models,
thus reducing inaccuracies and instabilities inherent to the direct inversion of the
magnetic resonance data. The state estimation problem is solved with an asymptotic
version of the Kalman filter, referred to as Steady-State Kalman Filter (SSKF; Simon,
2006; Pacheco et al., 2016), which does not require the recursive calculation of several
matrices for the implementation of the method. Therefore, the SSKF involves
computational times of the same order of those required for the direct inversion, but
results in more accurate temperatures in the region because it is coupled to a bioheat
transfer model. Furthermore, with the present approach, the actual temperature in the
region can be recovered, while only the temperature variation can be obtained with
the direct inversion of the magnetic resonance data. Two-dimensional idealized cases are
solved here with simulated measurements, to demonstrate the capabilities of the
proposed approach to indirectly measure the temperature in the region by solving a state
estimation problem.
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Physical problem and mathematical formulation
Different bioheat transfer models (Fan and Wang, 2011; Fiala et al., 2012) have been
developed after the pioneering work of Pennes (1948). Despite the limitations in Pennes’
model, which does not take into account changes in the arterial blood temperature, there is
still no model proven to be sufficiently general and valid for different organs or tissues. In
fact, even a pure heat conduction model has been used for tissues with low blood perfusion
(Dombrovsky et al., 2015). Since the main objective of this work is to obtain the temperature
measurement with the PRF-Shift method through the solution of a state estimation problem,
Pennes’ classical model is used here.

In the physical problem under analysis, the spatial domain X, initially at the
temperature T0(r), is externally heated for the hyperthermia treatment. The external
heating results in a volumetric heat source rate, gh(r,t). The surface @X of X exchanges
heat by convection and linearized radiation with the surrounding environment at the
temperature T1 with a heat transfer coefficient h. The formulation of this problem in
terms of Pennes’model is given by:

r rð Þcp rð Þ @T
@t

¼ r � k rð ÞrT½ � þ v rð Þr bcb Ta � T r; tð Þ½ � þ gh r; tð Þ þ gm rð Þ;

r 2 X; t > 0 (1.a)

k rð Þ @T
@n

þ hT ¼ hT1; r 2 @X; t > 0 (1.b)

T r; tð Þ ¼ T0 rð Þ; r 2 X; t ¼ 0 (1.c)

where the tissues’ thermophysical properties, as well as the metabolic heat generation, gm(r),
are allowed to vary spatially.

For convenience in the analysis related to the PRF-Shift thermometry, the temperature
T(r,t) is written in terms of the initial temperature in the region before the external heating is
imposed,T0(r), and the temperature variation due to the heating,DT(r,t), that is:

T r; tð Þ ¼ T0 rð Þ þ DT r; tð Þ (2)

Here, T0(r) is the solution of the steady state version of problem (1) without the external
heating (that is, gh(r,t) = 0), which is given by:

r � k rð ÞrT0 rð Þ½ � þ v rð Þr bcb Ta � T0 rð Þ½ � þ gm rð Þ ¼ 0; r 2 X (3.a)

k rð Þ @T0 rð Þ
@n

þ hT0 rð Þ ¼ hT1; r 2 @X (3.b)

By substituting equation (2) into equations (1.a-c) and taking into account problem equations
(3.a,b), the following problem for the temperature variationDT(r,t) can be obtained:

r rð Þcp rð Þ@DT
@t

¼r� k rð Þr DTð Þ� �
�vr bcbDT r; tð Þþ gh r; tð Þ; r2X; t> 0 (4.a)
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k rð Þ @DT
@n

þ hDT r; tð Þ ¼ 0; r 2 @X; t > 0 (4.b)

DT r; tð Þ ¼ 0; r 2 X; t ¼ 0 (4.c)

Several methods can be found in the literature to measure the temperature non-invasively by
means of magnetic resonance, but the most widely used is the PRF-Shift method introduced
by Ishihara et al. (1995). This method has shown, throughout the years, to be capable of
providing more reliable and robust measurements than other available ones (Wlodarczyk
et al., 1998; Quesson et al., 2000; Rieke and Butts Pauly, 2008).

Magnetic resonance imaging techniques are based on the application of a constant and
homogeneous magnetic field, B0, with magnitude B0, to the subject under analysis. This
magnetic field suffers a slight perturbation in the vicinity of the atomic nucleus, due to the
movement of the electrons around the nucleus, which is proportional to the external
magnetic field vectorB0. Thus, the magnetic field is sensed by the atomic nucleus according
to:

B rð Þ ¼ 1� s rð Þ½ �B0 (5)

where s(r) is the chemical shift (Brown et al., 1999; Kuperman, 2000).
The magnetic dipoles of each atom tend to align with the external magnetic field B0.

This behavior is described by the Bloch equations (Bloch, 1946) and the practical result is
that the net magnetization vector, M (i.e. the sum of the magnetization vector of each
individual atom), oscillates aroundB0 (Figure 1) with the angular velocity:

v rð Þ ¼ gB rð Þ ¼ g 1� s rð Þ½ �B0 (6)

where g is the gyromagnetic ratio (Brown et al., 1999).
The PRF-Shift method is based on the temperature sensitivity of the chemical shift,

that is, s(r): s(r,T ). The chemical shift is proportional to the local temperature, that is,
there exists a linear relationship between the local magnetic field and the local
temperature, so that we can write (de Senneville et al., 2005; Rieke and Butts Pauly,
2008):

Figure 1.
Oscillation of the

global magnetization
vectorM around the
axis of the external
magnetic fieldB0
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@s r;Tð Þ
@T rð Þ ¼ a (7)

where a was shown to be practically independent of the tissue type, except for fat (de
Senneville et al., 2005; Rieke and Butts Pauly, 2008). This is a clear advantage of the PRF-
Shift method, since other MRT methods are strongly affected by the tissue type (Rieke and
Butts Pauly, 2008).

The local phase shift, DU(r,T) (Figure 1), can be calculated from equation (6) as (De
Poorter et al., 1994):

DU r;Tð Þ ¼ U r;Tð Þ � Uref rð Þ ¼ g 1� s r;Tð Þ½ �B0Dt; (8)

Here, Uref (r) is a reference phase value and Dt is the time interval at the end of which the
phase shift DU(r,T) is measured in the magnetic resonance device. This time interval is
typically called echo-time and it is represented by tTE (Brown et al., 1999). Equation (8) is
written for the initial temperatureT0(r) and for another general temperatureT(r,t) =T0(r)þ
DT(r,t); thus, by taking into account equation (7), Uref(r) is eliminated from the two
equations to yield:

DT r; tð Þ ¼ � d r;Tð Þ
agB0tTE

(9.a)

where d r;Tð Þ ¼ U r;Tð Þ � U r;T0ð Þ (9.b)

Equation (9) provides a relation between the temperature variation and the resulting
phase variation. Therefore, from the magnetic resonance measurements of U(r,T) –
U(r,T0), the temperature variation can be directly inferred from equation (9). Since the
dynamics of the magnetic resonance measurements are much faster than that of the
bioheat transfer, equation (9) can be sequentially applied to recover the transient
temperature variation that is the solution of equation (4). This direct inversion is
commonly used in practice for measuring temperature variations with the PRF-Shift
method (Rieke et al., 2004; Mougenot et al., 2004; Kuroda et al., 2006; Langley et al., 2011;
Fite et al., 2012). To avoid that uncertainties in the measurements of U(r,T ) – U(r,T0) be
directly propagated to the temperature variation DT(r,t), a state estimation problem is
solved in this work as described next.

State estimation problem
State estimation problems aim at obtaining information about dynamic variables that
define the state of a system (state variables), by using transient measurements of some
response of the system, as well as the information provided by a stochastic model for
the evolution of the state variables (evolution model) and by a stochastic model that
relates the measurements to the state variables (observation model) (Doucet et al., 2001;
Arulampalam et al., 2002; Chen, 2003; Kaipio and Somersalo, 2004; Simon, 2006;
Orlande et al., 2012). State estimation problems are sequentially solved within the
Bayesian framework, as time evolves and new measured data becomes available. By
denoting the vector of state variables by x and the vector of measurements by y, Bayes’
theorem is written as (Kaipio and Somersalo, 2004):
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pðxjyÞ ¼ pðyjxÞp xð Þ
p yð Þ (10)

Here,p (x|y) is the posterior probability density function,p (y|x) is the likelihood, p (x) is the
prior andp (y) plays the role of a normalizing constant.

In this work, the vector of state variables, x, contains the values of the local temperature
variation, while y contains the phase shift measurements, that is:

xn ¼ DTn (11.a)

yn ¼ dn (11.b)

where the subscript n refers to these variables at time tn.
In cases where the evolution and observation models are linear and with additive

Gaussian uncertainties in the form:

xn ¼ Fn�1xn�1 þwn (12.a)

yn ¼ Hnxn þ vn (12.b)

the optimal method for the solution of the state estimation problem is the Kalman filter
(Kalman, 1960; Ho and Lee, 1964; Chen, 2003; Kaipio and Somersalo, 2004; Grewal and
Andrews, 2008; Orlande, 2010; Orlande et al., 2012). In equations (12.a,b), the random vectors
w and v represent the noise in the evolution and observation models, which are assumed
with zeromeans and known covariance matricesQn andRn, respectively.

In this work, the matrix Fn-1 is obtained by the discretization of equations (4.a)-(4.c) with
the Finite Volume Method (Patankar, 1980; Versteeg and Malalasekera, 1995), while the
matrixHn is obtained from equation (9) as:

Hn ¼ �ag tTEB0I (13)

The solution of the present state estimation problem is obtained by the Kalman filter
recursive equations as (Kalman, 1960; Ho and Lee, 1964; Chen, 2003; Kaipio and Somersalo,
2004; Grewal andAndrews, 2008; Orlande, 2010; Orlande et al., 2012):

x̂�
n ¼ Fn�1x̂

þ
n�1 (14.a)

P�
n ¼ FnP

þ
n�1F

T
n þQn (14.b)

Kn ¼ P�
n H

T
n HnP

�
n H

T
n þ Rn

h i�1
(14.c)

x̂þ
n ¼ x̂�

n þKn yn �Hnx̂
�
n

� �
(14.d)

Pþ
n ¼ I�KnHnð ÞP�

n (14.e)
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The estimation process is performed recursively (i.e. at each time step) in a two-step
process. In the first step given by equations (14.a) and (14.b), the state variables are
predicted with the application of the evolution model, resulting in a prior estimate x̂�

n for
the state vector. In the second step, this prior estimate is corrected, yielding the posterior
estimate x̂þ

n .
The Kalman filter is a very efficient and robust technique, resulting in unbiased

estimates with minimum variance if the hypotheses of linear and Gaussian models apply
(Chen, 2003; Grewal and Andrews, 2008). However, due to the matrix inversion in equation
(14.c), the algorithm performs O(n3) floating point operations, where n is the number of state
variables. Therefore, the large computational effort required for the application of the
Kalman filter to problems with high spatial resolution, such as those demanded for the
accurate control of the temperature field in multidimensional cases, may not allow
the solution of the state estimation problem in real time for hyperthermia applications. On
the other hand, for problems where the matrices F,H,Q andR do not evolve with time, that
is, when:

Fn ¼ F; Hn¼H; Qn ¼Q; Rn ¼R (15.a-d)

an approximation of the Kalman filter equations can be performed, resulting in the SSKF
(Simon, 2006). Assuming that equations (15) hold, the prior and posterior estimates of the
covariance matrices, P�

n and Pþ
n , respectively, tend asymptotically to a constant matrix P1.

In the SSKF, P1 is calculated directly and used as approximations for P�
n and Pþ

n . This
leads to a significant reduction in the number of computer operations at each time step
because not only these matrices, but also the Kalman gain matrix, K (equation 14.c), can be
calculated before the estimation process is applied.

The SSKF equations are given by (Simon, 2006):

P1 ¼ FP1FT � FP1HT HP1HT þ R
� ��1

HP1FT þQ (16.a)

K1 ¼ P1HT HP1HT þ R
� ��1

(16.b)

x̂þ
n ¼ I�K1Hð ÞFx̂þ

n�1 þK1yn (16.c)

Here, only equation (16.c) is calculated during the recursive estimation, being the calculation
of equations (16.a) and (16.b) performed in a preprocessing step.

Equation (16.a) is a discrete Ricatti equation (Simon, 2006) and can be readily solved with
different numerical libraries available in the literature. In this work, this equation was
solved using the SLICOT library (Benner et al., 1999). In comparison with the original
Kalman filter, the SSKF requires, at each time step, onlyO(n2) floating point operations, thus
allowing for a reduction of computational times.

Results
The application of the SSKF to the PRF-Shift method of temperature measurement with
magnetic resonance, which is proposed here, was verified with two idealized numerical
experiments, as described below. In the first numerical experiment, a square region with
a uniform computational mesh was examined, while the second numerical experiment
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dealt with an irregular region of the forearm that was discretized with an unstructured
mesh.

Except for the Ricatti equation solver, the computer codes used herein were developed by
the authors during this work. The codes were written in Fortran90 and compiled with
gfortran. The computer codes were executed sequentially in an Intel® CoreTM i7-2600CPU
at 3.4 GHz computer, with 16 GB of RAM and Xubuntu 14.04.4 LTS operational system.

Square region
In this first numerical experiment, the domain was a square with dimensions 0.12 m � 0.12
m. The phase shift measurements were considered available over a 24� 24 regular grid, but
it was desired to estimate the temperature variation distribution in a more refined 48 � 48
grid. The external heating was idealistically assumed to be concentrated in a circular region,
centered at x= y= 0.06 m and with radius of 0.025 m, with magnitude gh(r,t) = 5� 105Wm�3

(Figure 2). This source term was constant until the maximum temperature variation in the
domain reached 2.5°C and it was turned off afterward.

The noisy phase shift measurements were obtained synthetically, by solving the forward
problem in the 48 � 48 grid and projecting the solution onto the 24 � 24 grid via local
averaging. These temperature variations in the coarse grid were then transformed through
(equation 9) into the phase shift values (ye) and the simulatedmeasurements were obtained as:

yn ¼ N ye
n;R

� �
(17)

In this work, both the state and observation noises were considered to be uncorrelated and
with constant standard deviations, sDT and sd , so that:

Q ¼ s 2
DTI (18.a)

R ¼ s 2
d I (18.b)

Therefore, the noisy phase shift measurements were simulated by:

Figure 2.
Distribution of

external heating gh(r,
t) represented on a

48� 48 grid
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yn ¼ ye
n þ sdx; (19)

where x is a random Gaussian vector with zero mean and identity covariance matrix. The
standard deviation for the evolution model of the temperature variation sDT was taken as
0.05°C. The standard deviation of the phase shift (both for the measurements and for the
observation model), sd , was chosen to be 10 per cent of the maximum phase shift value
observed during the simulations of the forward problem.

The magnetic resonance parameters used for this case were g = 1.53 � 1010 degree
s�1T�1, tTE = 18 ms, a = –0.01 ppm°C�1, B0 = 1.5T (Mougenot et al., 2009), with the
thermal properties of water (rcp = 4.180 kJm�3 °C�1 and k = 0.60Wm�1 °C�1; Ozisik, 1985),
h = 10 Wm�2 °C�1, no perfusion and no metabolic heat generation. The experiment was
numerically simulated until the final time of 600 s and the measurements were supposed
available every time stepDt= 0.1 s.

The temperature variation obtained from the solution of the direct problem given by
equations (4) are compared in Figure 3, for the 48 � 48 and 24 � 24 grids, at t = 100 s. A
significant loss in spatial resolution can be noticed in Figure 3, due to the reduction of about
75 per cent in the number of pixels when the coarse (24� 24) grid is used instead of the finer
(48 � 48) uniform grid. Such reduced resolution directly affects the temperatures recovered
from the direct inversion of equation (9), as presented by Figure 4, unless some image
refinement technique is applied as postprocessing. A comparison of Figures 4 and 3.b
reveals that, for the level of measurement error considered here, the direct inversion
technique provides an accurate estimation for the temperature field in the region at t= 100 s,
although some noise can be observed in Figure 4 at the regions not affected by the source
term.

The noise observed with the direct inversion technique can be reduced with the
application of the approach proposed here, based on the solution of a state estimation
problem via the SSKF. Furthermore, the present approach allows the estimation of the state
variables in a grid more refined than that of the measurements, without loss of accuracy.
This is illustrated by Figure 5, which presents the temperatures estimated on a 48� 48 grid
with the phase-shift measurements over a 24� 24 grid, at t= 100 s.

Figure 3.
Comparison between
the forward problem
solutions at t= 100 s:
(a) 48� 48 grid;
(b) 24� 24 grid
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The more accurate results for a more refined grid, which were obtained with the SSKF
than with the direct inversion, become more apparent when the time variation of the
temperature variation at a specific point in the domain is examined, as presented by
Figure 6. This figure shows the exact temperature variation at the center of the domain
(x = y = 0.06 m), as well as temperature variations estimated with the direct inversion
and the SSKF [Figure 6(a)], and the estimation errors (difference between estimated and
exact temperature variations) obtained with these two methods [Figure 6(b)]. While the
errors with the direct inversion frequently reach more than 0.5°C, the errors with the
SSKF are at most 0.2°C except at the begin of the heating process. The larger errors
observed with the SSKF for small times are due to the approximate asymptotic matrices
used in the SSKF instead of the actual transient matrices of the classical Kalman filter.
These larger errors, however, are still smaller than those observed with the direct
inversion approach.

Figure 4.
Temperature

variation at t= 100 s
obtained via direct
inversion on a 24�

24 grid

Figure 5.
Temperature

variation at t= 100 s
obtained via SSKF on

a 48� 48 grid
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The recursive estimation through the SSKF took 20 s of computational time for this case,
which involved a physical simulation time of 600 s. Hence, the proposed approach based on
the solution of the state estimation problem with the SSKF can be used in real-time
applications. A preprocessing step of approximately 10 min was necessary to solve Ricatti’s
equation (16.a). On the other hand, this preprocessing stage is completely independent of the
recursive solution with the SSKF. The solution of the same state estimation problem using
the classical Kalman filter took 30 min of computational time. Therefore, for this case, the
SSKF was two orders of magnitude faster than the classical Kalman filter.

Human forearm region
In this second numerical experiment, a more realistic geometry was analyzed, involving a
2D transversal cut of a human right forearm; the geometry was obtained from the Visible
Human Dataset project (Spitzer and Whitlock, 1998) and is presented by Figure 7(a). To
solve the forward problem and calculate the F matrix for the Kalman filter, equations (4.a)-
(4.c) were solved with the Finite Volume Method over an unstructured mesh, using a cross-
diffusion correction term (Versteeg and Malalasekera, 1995; Mathur and Murthy, 1997). The
numerical grid was generated with the software GMSH (Geuzaine and Remacle, 2009). The
grid used for the analysis presented below, with approximately 6,000 control volumes, is
shown in Figure 7(b). This number of control volumes was selected based on a grid
convergence analysis and the numerical solution of the forward problem obtained with finite
volumes was verified against the results obtained with COMSOL (2012).

The actual forearm presented in Figure 7(a) was simplified in terms of the tissues that
compose the region and because large blood vessels were also not considered in the analysis
[see Figure 7(b), where green, light blue and dark blue represent skin, muscle and bones,
respectively]. The values used for the thermal parameters of each tissue are shown by
Table I (Hasgall et al., 2015). The convective heat flux at the boundaries was of 10 W
m�2°C�1 and the arterial blood and external medium temperatures were taken as Ta = 37°C
and T1 = 20°C, respectively. Figure 7(b) also presents the region that is assumed to be
externally heated as in a hyperthermia treatment of cancer (red circle). The thermal
properties for the heated region were considered the same as those selected for the muscle

Figure 6.
Time evolution of the
results with SSKF
and direct inversion
at the center of the
region (x= y=
0.06 m): (a)
temperature
variation; and (b)
error
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region. The external heat source was considered as uniform in this circular region of radius
4 mm, with magnitude gh(r,t) = 105 W m�3, and the heating was applied during the whole
duration of the experiment, which was 60 s. The magnetic resonance measurements were
supposed available every 0.05 s over the same grid used for the solution of the bioheat
transfer problem. Uncertainties in the evolution model were taken with a constant standard
deviation sDT = 0.05°C. Uncertainties in the measurements and observation model also
involved a constant standard deviation sd = 0.2 degree.

In this problem, the large number of state variables (6,000) resulted in matrices F, H, Q
and R with 3.6 � 107 elements each. However, due to their nature, these matrices could be
handled with fast algorithms appropriate for sparse matrices (Press et al., 1992).

The comparison between the exact values and the SSKF estimates of the temperature
variation for the forearm is shown in Figures 8-10, for times t = 20 s, 40 s and 60 s,
respectively. As for the previous case involving the square region, the agreement between
estimated and exact temperature variations is excellent, although some small noise is
observed in the region not affected by the source term. Therefore, the SSKF is capable of
producing reliable estimates in complex geometries, even with large uncertainties in the
measurements and in the evolution/observation models.

The errors in the estimation of the temperature variation, obtained with the direct
inversion method and with the SSKF, are shown by Figures 11-13 for t = 20, 40 and 60 s,
respectively. Similarly to the case involving the square region, the SSKF errors are smaller
than those for the direct inversion.

Figure 7.
Transversal cut of
right humanmale

forearm: (a) original
image, obtained from
Spitzer andWhitlock

(1998);
(b) unstructured grid

with triangular
control volumes
containing skin

(green), muscle (light
blue) and bone (dark
blue) – the red circle

represents the heated
region

Table I.
Thermal properties
used for the right
forearm geometry

Tissue k[Wm�1°C�1] cp[ Jkg
�1°C�1] r [kg m�3] v=r ½mlmin�1kg�1� gm=r ½Wkg�1�v

Skin 0.37 3391 1119 106 1.65
Bone 0.31 2274 1178 30 0.46
Muscle 0.49 3421 1090 37 0.91

Source: Hasgall et al. (2015)
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Figure 8.
Temperature
variation at t= 20 s:
(a) exact values;
(b) values estimated
with SSKF

Figure 9.
Temperature
variation at t= 40 s:
(a) exact values;
(b) values estimated
with SSKF

Figure 10.
Temperature
variation at t= 60 s:
(a) exact values;
(b) values estimated
with SSKF
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Figure 11.
Absolute error at t=

20 s: (a) direct
inversion; (b) SSKF

Figure 12.
Absolute error at t=

40 s: (a) direct
inversion; (b) SSKF

Figure 13.
Absolute error at t=

60 s: (a) direct
inversion; (b) SSKF
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The time evolution of the temperature variation at the center of the heated region is
presented by Figure 14(a). This figure compares exact and estimated values obtained with
both inversion methods, where the SSKF estimates are presented with their 99 per cent
confidence intervals. One can notice in Figure 14(a) that, as discussed above (Figures 11-13),
the estimated temperature variations obtained with SSKF are more accurate than those
obtained with the direct inversion. Such conclusion can also be drawn from the analysis of
Figure 14(b), which presents the time evolution of the errors between exact and estimated
temperature variations. Only the errors at the center of the heated region are presented here
for the sake of brevity, but the behavior presented by Figure 14(b) is typical for other points
in the domain.

Differently from the direct inversion method that allows for recovering the temperature
variation but not the temperature itself, with the approach proposed in this paper, the
temperature in the region of interest can be obtained through the solution of the state
estimation problem. The estimated temperature fields obtained with the SSKF are shown by
Figures 15(b), 16(b) and 17(b), for the times t = 20 s, 40 s and 60 s, respectively. The exact

Figure 14.
Results at the center
of the heated region:
(a) temperature
variation;
(b) temperature
variation error

Figure 15.
Temperature at t=
20 s: (a) exact values;
(b) values estimated
with SSKF
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temperature fields for these times are shown by Figures 15(a), 16(a) and 17(a), respectively.
For the computation of the estimated temperatures with equation (2), uncorrelated Gaussian
noise with zero mean and constant standard deviation of 0.05°C was also added to the
solution of problem (3) for T0(r). Problem (3) was solved over the same grid used for
the solution of problem (4). An analysis of Figures 15-17 reveals that the temperature field in
the region can be accurately recovered, especially in the region where the heating was
applied, which is the most important for the hyperthermia treatment.

In this second case involving the forearm geometry, the recursive estimation via SSKF
took around 20 s of computing time, while the preprocessing step required for the solution of
Ricatti’s equation (16.a) took approximately 6 h. Hence, although the computational time for
the solution of Ricatti’s equation was significantly affected by the spatial resolution of the
problem (that is, the sizes of the matrices in the formulation), the implementation of the
recursive equations for SSKF was not. As for the previous case involving the square region,
the SSKF can provide estimates of the temperature variation in real time, but with
estimation errors much smaller than those obtained from the direct inversion. Furthermore,

Figure 16.
Temperature at t=

40 s: (a) exact values;
(b) values estimated

with SSKF

Figure 17.
Temperature at t=

60 s: (a) exact values;
(b) values estimated

with SSKF
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the accurate estimation of the temperature field in the region was possible with the solution
of the state estimation problem through the SSKF, but not when the direct inversion was
used, as demonstrated by Figures 15-17.

Conclusions
In this work, we proposed an approach based on the solution of a state estimation problem
for temperature measurements with the PRF-Shift magnetic resonance technique. The state
estimation problem was solved with the SSKF. The results obtained with the proposed
approach for the temperature variations in two-dimensional regions are compared to those
obtained with the direct inversion of the measured data, by using simulated measurements
with large uncertainties. Temperature variations estimated with the solution of the state
estimation problem are more accurate than those obtained by direct inversion. Besides that,
the estimation of the temperature field in the region was possible with the solution of the
state estimation problem via the SSKF, but not with the direct inversion. The recursive
equations of the SSKF can be calculated in computational times smaller than the supposed
physical times, thus demonstrating that the present approach can be used for real-time
applications, such as in the control of the heat source for the hyperthermia treatment of
cancer.
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