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Abstract
Material properties such as thermal conductivity, magnetic permeability, electric permittivity,
modulus of elasticity, Poisson’s ratio, thermal expansion coefficient, etc. can vary spatially
throughout a given solid object as it is the case in functionally graded materials. Finding this
spatial variation is an inverse problem that requires boundary values of the field quantity such as
temperature, magnetic field potential or electric field potential and its derivatives normal to the
boundaries. The direct problem of predicting the spatial distribution of the field variable based
on its measured boundary values and on the assumed spatial distribution of the diffusion
coefficient was solved using finite volume and finite element methods whose accuracies were
verified against analytical solutions. Minimization of the sum of normalized least squares
differences between the calculated and measured values of the field quantity at the boundaries
then leads to the correct spatial distribution of the spatially varying material coefficient.
Key Words: inverse problems, diffusion coefficient, parameter identification, functionally graded
materials
Introduction
This paper deals with a general methodology for determination of spatially varying properties
of solid material using steady boundary measurements of field quantities. Examples of such
problems are determination of spatially varying thermal conductivity, electric permittivity,
magnetic permeability, etc. This can be used in cases when trying to detect subdomains inside a
given object that might be made of different materials. On the other hand, this method can be
used in the design of functionally graded materials achievable using additive manufacturing for
objects with fixed geometry and desired boundary values of the field quantity. Such problems are
mathematically often modeled by an elliptic partial differential equation governing the steady
diffusion of a solenoidal field quantity 𝜆 in a solid.
∇ • (λ ∇φ ) = 0

(1)

Here, φ = φ ( x, y) is a passive scalar that can be, for example, the absolute temperature, the electric
field potential, the magnetic field potential, the concentration of certain dopants or impurities
diffused in a solid. Correspondingly, the diffusivity coefficient, 𝜆 , can be thermal conductivity,
electric permittivity, magnetic permeability, dopant diffusion coefficient, etc. Since λ = λ ( x, y) is a
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scalar quantity, equation (1) can be expressed, in the case of a two-dimensional solid, as
∂ ∂φ
∂ ∂φ
(λ ) + ( λ ) = 0
∂x ∂x ∂y ∂y

(2)

The question is: If values of 𝜙 or its normal derivative are given on the boundaries of the
solid object, how can the spatial distributions of the diffusion coefficient, 𝜆, be determined in
order to satisfy equation (1) subject to these boundary conditions?
In the case of an analysis problem, the spatial distribution of 𝜙 is uniquely determined by
numerically integrating Eq. 1 subject to given size and shape of the domain, spatial distribution
of 𝜆, and either Dirichlet or Neumann boundary condition at every point of the boundary.
If some functional description for variation of 𝜙 is available, then the easiest way to solve the
problem is to use an optimization, root finding or least squares algorithm to minimize the
difference between the computed 𝜙 or ∂φ ∂n on the boundaries and specified data (measured
∂φ ∂n or 𝜙 on the boundaries). In this case, the coefficients of the basis functions (Chebyshev
polynomials, beta-splines, Fourier series, etc.) are the design variables that need to be
determined. There are several methods capable of solving such an inverse boundary value
problem. They vary significantly in their complexity, reliability and versatility (see, for example,
references [1-5]). The least complex and the most versatile is the method that uses least-squares
minimization of a certain functional, resulting in the correct values of coefficients of the basis
functions of 𝜆(x,y).
An Analytical Solution for Spatially Varying Thermal Conductivity
Thermal conductivity coefficient, k, is one of the most commonly studied and utilized
diffusion coefficients. It is most often treated as a constant or a temperature-dependent quantity k
= k(T) in which case it can be accurately determined using Kirchoff’s transformation [1].
In a growing field of design of functionally graded materials enabled by additive
manufacturing, it is an imperative to create spatially varying thermo-physical properties that will
assure desired non-isotropy, thus functionality, of such materials and objects made using additive
manufacturing processes. In this paper, we will focus on using only steady-state temperature
fields and steady-state thermal boundary conditions.
So, the question is: for a pre-specified steady temperature field distribution in a solid object,
what should be the spatial variation of thermal conductivity in this object that will create such a
desired temperature field?
Initially, computer code verification is needed, in order to check the capability of the method
to solve a problem accurately for spatially varying diffusion coefficient. The verification was
made against an analytical solution.
For example, if thermal conductivity distribution in a two-dimensional rectangular domain is
given as

k ( x, y) = (A + x)(B + y )

(3)

where A and B are arbitrary constants, then the governing analytical solution for temperature
field should have the general form
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T ( x, y ) = (A + x )2 − (B + y )2 + 273

(4)

which satisfies the governing steady heat flux balance equation

⎛ ∂ 2T ∂ 2T ⎞
∂k ∂T ∂k ∂T
∂ ∂T
∂ ∂T
0 = (k ) + (k ) =
+ k ⎜⎜ 2 + 2 ⎟⎟
+
∂y ⎠
∂x ∂x ∂y ∂y
∂x ∂x ∂y ∂y
⎝ ∂x

(5)

For this general analytical solution for temperature field, values of the corresponding
temperatures and temperature derivatives on the boundaries of a domain must be given. Spatially
varying thermal conductivity can then be determined from the over-specified thermal boundary
conditions using Bayesian statistics employing Kalman filters or non-linear filters [2,3].
However, an entirely different approach to inverse determination of spatially varying
physical properties of media is based on a combination of a field analysis algorithm (which can
be based on finite differencing, finite volumes, finite elements, boundary elements, etc.) or
experimental data, and a minimization algorithm that is either gradient based or non-gradient
based or a hybrid of the two [6].
The heat equation given by equation 5 was solved using the finite volume method in ANSYS
Fluent. Although most commercial software packages do not allow for any customization,
ANSYS Fluent software allows for some basic manipulation. The spatially varying thermal
conductivity was implemented in ANSYS Fluent using a User-Defined Function (UDF) [7].
Boundaries of the two-dimensional object were subjected to Dirichlet boundary conditions
shown in Table 1.
Table 1. Dirichlet boundary conditions at the four boundaries for A=B=1.0.
Dirichlet boundary conditions
Bottom boundary
𝑇 𝑥, 0 = 𝐴 + 𝑥 ! − 𝐵! + 273
Top boundary
𝑇 𝑥, 2 = 𝐴 + 𝑥 ! − 𝐵 + 2 ! + 273
Left boundary
𝑇 0, 𝑦 = 𝐴! − 𝐵 + 𝑦 ! + 273
Right boundary
𝑇 1, 𝑦 = 𝐴 + 1 ! − 𝐵 + 𝑦 ! + 273

A)
B)
C)
Figure 1. Distribution of: A) analytical thermal conductivity, B) corresponding analytical
temperature, and C) relative error of temperature calculated using ANSYS Fluent.
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Analytical spatial variation of thermal conductivity (equation 3) and analytical spatial
variation of temperature are shown in Figure 1A and Figure 1B, respectively. Temperature field
computed by ANSYS Fluent on a uniform grid consisting of 32 x 62 grid cells was also obtained.
The maximum relative difference between the analytical (Fig. 1B) and the computed temperature
was very small (Figure 1C), thus confirming the accuracy of the finite volume analysis.
Inverse Determination of k(x,y) from Thermal Boundary Conditions
The method used in this work to determine unknown spatial distribution of thermal
conductivity k(x,y) is based on utilizing steady state values of temperatures and/or normal
temperature derivatives (Dirichlet or Neumann boundary conditions) on boundaries of the
domain. One can also use measurements of temperature inside the domain, but this approach is
deemed to be too cumbersome, expensive and even impossible in many practical applications
because it is not non-destructive. Thus, for each choice of coefficients A and B subject to
Dirichlet boundary conditions given in Table 2, Fluent calculated the corresponding temperature
field. The test example object was a rectangular domain x∈[0,1] and y∈ [0,2] with analytical
boundary conditions resulting from equation 4 given in Table 2 and Table 3.
Table 2. Analytical boundary conditions using equation 4 for A = B = 1.0
Dirichlet boundary conditions
Bottom boundary
𝑇 𝑥, 0 = 1 + 𝑥 ! − 1 + 273
Top boundary
𝑇 𝑥, 2 = 1 + 𝑥 ! − 9 + 273
Left boundary
𝑇 0, 𝑦 = 1 − 1 + 𝑦 ! + 273
Right boundary
𝑇 1, 𝑦 = 4 − 1 + 𝑦 ! + 273
Table 3. Analytical Neumann boundary conditions using equation 4 for A = B = 1.0
Neumann boundary conditions
!"
Bottom boundary
= −2𝐵 = −2
Top boundary
Left boundary
Right boundary

!"
!"
!"
!"
!"
!"
!"

= −2(𝐵 + 2) = −6
= 2𝐴 = 2
= 2(𝐴 + 1) = 4

As a byproduct of this numerical analysis, Fluent also computes the temperature gradients at
each boundary.
For the purpose of the demonstration of the entire process, let us treat the analytical values of
the Neumann boundary conditions (Table 3) as “measured” boundary values. They correspond to
one particular distribution of thermal conductivity given by equation (3).
Now, let us pretend that we do not know that A = B = 1.0 values in the model for spatial
distribution of k(x,y) given by equation (3) are the correct values that have generated this
analytical solution for temperature field and its Neumann boundary conditions (“measured”
boundary values). So, if we guess certain values for coefficients A and B and use them in
Dirichlet boundary conditions to solve equation (5), we will get some “calculated” temperature
field and some “calculated” temperature gradients at the boundaries which will be different than
the “measured” values given in Table 3. The sum of normalized least squares of all differences
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between calculated and “measured” (in our example case this means analytical) values of
boundary temperature gradients (normalized with the total number of boundary points involved,
N tot ) is the functional J that needs to be minimized in order to determine the values of A and B
that satisfy the governing equation (5) and the “measured” boundary conditions.

[(

) (T

[(

) (T

⎡ j max calc
meas
⎢ ∑ Tj − Tj
j =1
J =⎢
⎢ i max
⎢ + ∑ Ti calc − Ti meas
⎢⎣ i =1

i

meas
j

meas

+ε
+ε

)]

2
x = xmin

+

2
∑ [(T jcalc − T jmeas ) (T jmeas + ε )]x = x

j max
j =1

max

)]

2
y = y min

⎤
⎥
⎥
⎥
⎥
⎥⎦

(6)

where ε is a small parameter of the order 0.00001.
This approach was previously used by Pasqualette et al. [4] where the Radial Basis Function
techniques was used to solve the heat equation and particle swarm algorithm was used for
minimization of functional J. When utilizing ANSYS Fluent [7] to solve the forward problem, a
hybrid single-objective robust minimization algorithm OPTRAN [9] was used. It utilizes a suite
of gradient based and non-gradient based optimization algorithms and automatically switches
among them in order to avoid local minima and accelerates iterative convergence. Search ranges
for the design variables were -100 < A < 100 and -100 < B < 100 for case no.1.
Table 4 shows the values of the constants obtained by RBF-particle swarm-response surface
formulation [4] and by ANSYS Fluent – OPTRAN combination [5].
Table 4. Converged values of the coefficients A and B
A
B
Specified
1.0
1.0
Pasqualette et al. [4]
0.99207 0.99831
ANSYS Fluent - OPTRAN
1.0
1.01

A)
B)
Figure 2. Convergence histories of the J functional: A) for smooth distribution of thermal
conductivity when using ANSYS and OPTRAN, and B) for high gradient distribution of thermal
conductivity when using ANSYS Fluent, COMSOL and OPTRAN.
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When using ANSYS Fluent, uniform computational grids were used for each of the two test
cases: 32 x 62 grid cells for smooth distribution of k(x,y) and 100 x 200 grid cells for high
gradient distribution of k(x,y). These grids offered grid independent solutions for T(x,y). All
computations in this work were performed on a single thread of Intel®Xeon® CPU E5-4620v2
@2.60GHz with 256GB of RAM. Each analysis with ANSYS Fluent took less than 3 seconds.
Inverse Determination of High Gradient Thermal Conductivity
In the second test case, we did not use an analytical solution in lieu of “measured”
temperature field and the corresponding “measured” boundary conditions. Instead, for
demonstration purposes only, we specified the following high gradient variation of thermal
conductivity
k ( x, y ) =

(kmax + kmin ) + (k
2

max

A
B
⎤
⎡
⎤⎡
sin C (2πx )⎥ ⎢ y −
sin D (πy )⎥
− kmin )⎢ x −
2
π
2
π
⎦
⎣
⎦⎣

(7)

The six constants that the optimization algorithm has to find lie in these ranges: 0.0 < A < 0.9,
0.0 < B < 0.9, 0 < C < 100, 0 < D < 100; 100.0 < kmin < 500.0, 2000.0 < kmax < 5000.0.
A “measured” solution was created by solving equation 5 with this distribution of thermal
conductivity (equation 7 with A = 0.85, B = 0.85, C = 50, D = 50, kmin = 200.00 W K -1m−1 and
kmax = 3000.00 W K-1m−1). Table 5 shows the Dirichlet and Neumann boundary conditions in case 2.
Table 5. Analytical primary boundary conditions for test case no. 2
Bottom boundary Top boundary Left boundary
Right boundary
T = 85.00 K

dT
= 600 K m-1
dy

dT
= 10.00 K m -1
dx

dT
= 10.00 K m -1
dx

The entire concept of the inverse determination of spatial distribution of thermal conductivity
presented in this work depends strongly on the accuracy of the boundary values of the field
variable. To avoid the “inverse crime” stigma of using the same software for the numerical
solution of forward and inverse problems, the “measured” boundary temperatures were obtained
using the finite element solver, COMSOL Multiphysics [10]. However, COMSOL cannot accept
normal derivatives of temperature as boundary conditions, but it can accept heat fluxes, q, as
boundary conditions. Consequently, using equation 7, Table 5 and A = B = 0.85, C = D = 50
with kmin = 200 W m-2 and kmax = 3000 W m-2, Table 6 was created that contains boundary
conditions used by COMSOL to calculate the corresponding boundary values of “measured”
temperatures.
Table 6. Boundary conditions used by COMSOL to calculate “measured” boundary confitions
Bottom boundary (y = 0.0) T = 85 K
Top boundary (y = 2.0 m)
0.85 50
⎡
⎤ W m-2
q = 960000 + 3360000 ⎢ x −
sin
2π
⎣

Left boundary (x = 0.0)
Right boundary (x = 1.0 m)

( 2π x )⎥
⎦

q = 16000 W m-2
0.85 50
-2
⎡
⎤
q = 16000 + 28000 ⎢ y −
sin (π y ) ⎥ W m
2π
⎣
⎦
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These “measured” boundary temperatures were then used when calculating J function
(equation 6) which was constructed using least square differences between boundary
temperatures calculated by ANSYS Fluent using boundary conditions given in Table 6, and the
“measured” boundary temperatures calculated by COMSOL and Table 6. Function J was
calculated using temperatures on the top, left and right boundaries of the domain.
Figure 2B shows the convergence history of OPTRAN for the six-variable, single objective
minimization study. It can be seen that, although two different analysis codes are used to obtain
“measured” and “calculated” values, the J functional converges very well to zero.
Figure 3 shows the analytical distribution of k(x,y), distribution obtained by using equation 7
and distribution converged to by OPTRAN. It can be seen that the two distributions are similar.
Figure 4 shows the temperature field computed by COMSOL Multiphysics, and by ANSYS
Fluent for the converged values of the six constants. It demonstrates that the proposed
methodology is able to converge to the correct distribution of thermal conductivity even when
using two different analysis codes.

A)
B)
C)
D)
Figure 3. Case 2 - Distribution of thermal conductivity obtained using: A) equation 7, B)
COMSOL - ANSYS Fluent - OPTRAN sequence.; Temperature distribution computed by: C)
COMSOL Multiphysics using Table 6 and equation 7, and D) ANSYS Fluent using converged
value of thermal conductivity distribution.
Table 7 shows the values of the constants obtained in determining the distribution of thermal
conductivity. It can be seen that all six coefficients have converged to their correct values.
Table 7. Converged values of the six coefficients for test case no. 2
C
D
A
B
𝑘!"#
𝑘!"#
Specified
0.850
0.850
50.0
50.0
200.0
3000.0
COMSOL0.851
0.850
50.0
50.0
200.0
3001.1
ANSYS-OPTRAN
Conclusions
Inverse determination of continuously varying thermal conductivity in arbitrary twodimensional domains can be accurately determined using minimization of the least squares norm
between calculated thermal boundary conditions (with guessed detailed spatial distributions of
thermal conductivity) and measured thermal boundary conditions. Finite volume method was
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used for numerical integration of the quasi-linear elliptic partial differential equation governing
steady temperature distribution. A single objective hybrid optimization algorithm was used for
minimization of the normalized sum of least squares differences between calculated and
measured thermal boundary conditions. Validity of this methodology for determination of spatial
distribution of material properties was confirmed by using a COMSOL-ANSYS FluentOPTRAN combination that is robust and computationally efficient.
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