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Abstract
The objective of this study was to develop an automatic, self-sufficient, preliminary design algorithm for optimization of topologies of branching
networks of internal cooling passages. Optimization with four levels of fractal branching channel networks was tested. The number of branches
per level was optimized in order to minimize coolant mass flow rate, total pressure drop, and maximize total heat removed. The software package
includes a random branches generator, a quasi 1-D thermo-fluid analysis code, and a multi-objective hybrid optimizer. The heat transfer/flow-field
analysis software has been verified against a similar analysis code used by Pratt & Whitney Company. The hybrid multi-objective optimization
code was verified against classical test cases involving multiple objectives. In this work the total number of Pareto-optimal designs was 100.
After finding the Pareto optimized configurations, the user has to decide which optimized cooling network configuration is the best for the desired
application. It was demonstrated that this can be accomplished by utilizing Pareto-optimal solutions to create a curve representing pumping power
vs. total heat removed and by observing which designs provide favorable break-even energy transfer.
© 2007 Elsevier Masson SAS. All rights reserved.
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A fractal branches generator program was created to obtain a
network of fractal branching channels in a random fashion [1].
This program was written in the FORTRAN programming language and it allows having a different fractal branching geometry every time the program runs. The network consists of two
possible scenarios. One is a diverging branching network, similar to the roots in a tree, and the other is a diverging–converging
branching network, similar to the veins and arteries in the human body. In this work only the diverging fractal branching
network was used for possible future applications involving
film cooling from a large number of exit microchannels. Thus,
each configuration was allowed to have one inlet and a random
number of exits. The internal fluid flow properties through the
branching geometry were solved with a quasi one-dimensional
(1-D), finite element, compressible thermo-fluid flow network
analysis program and the whole geometry of the system was
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Nomenclature
Ak
Cp
dk
D
f
hc
k
Lk
Lm
Ltot
ṁ
m
n
Pr
Pt
Pt

Cross-section area of a channel in segment k
Specific heat of coolant
Hydraulic diameter of a channel in segment k
Euclidean dimension
Friction coefficient
Heat transfer coefficient on internal surfaces
Branching level number
Length of a channel in segment k
Terminal channel length
Total channel length
Mass flow rate in a coolant passage
Total number of branching levels exclusive of 0th
level
Number of branches into which a single channel
splits
Prandtl number
Total pressure in coolant fluid system
Total pressure drop

optimized. In the quasi 1-D, finite element, thermo-fluid flow
network analysis program COOLNET [2–4], semi-empirical
correlations were used to determine the coolant heat transfer
coefficients, hc , while the quasi one-dimensional momentum
and enthalpy equations were solved for the total pressure losses
and bulk coolant temperatures, Tt,c , of the coolant fluid. The
heat transfer coefficients and bulk coolant temperatures were
assumed to vary in the coolant flow direction.
The geometric properties of connecting elements such as
cross-section areas, hydraulic diameters, and element lengths
were calculated based on suggestions made by West et al. [5,6]
for two-dimensional flow networks. Then, network connections
were optimized by allowing the number of branching elements
per node to vary from one to five in order to simultaneously
achieve three design objectives: maximize the total amount of
heat removed by the coolant fluid, minimize the coolant mass
flow rate and minimize the total pressure drop of the coolant.
This amounted to a total of three design objectives and 31 design variables (branching nodes at which the optimum number
of emanating channels needs to be determined) for the case of
a cooling network having four branching levels (Fig. 1).
A hybrid multi-objective optimization algorithm, [7], capable of dealing with several objective functions simultaneously in a Pareto front optimal sense, was used to perform
the optimization process. The hybrid optimization algorithm includes multi-objective versions of three evolutionary optimization algorithms, these are: non-dominated sorting differential
evolution (NSDE), [8], strength Pareto evolutionary algorithm
(SPEA), [9], and a multi-objective particle swarm (MOPSO) algorithm based on particle swarm, [10]. An automatic switching
algorithm was created [7] to switch among the three multiobjective optimization algorithms [11] during the optimization
in order to avoid any stalling or meandering of successive
Pareto front approximations.

Q̇
St
ReD
Tt,c
w

Total heat removed
Stanton number
Reynolds number
Bulk total temperature of coolant
Average local coolant speed

Greek letters
β
γ
ε
μ
ρ
τw

Branching diameter ratio
Branching length ratio
Relative surface roughness of the cooling channel
Coefficient of viscosity of the coolant
Density of coolant
Wall shear stress

Subscripts
avg
c
ref
t

Average
Coolant/channel surface
Reference value
Total or absolute value

Fig. 1. Geometry of initial cooling configuration with 4 branching levels and
156 branches depicting direction of coolant flow, inlet and 125 exits.
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2. Physical and mathematical model
The shape of the initial cooling passages is an internal network of fractal branching channels and is presented in Fig. 1.
The cooling network was allowed to have an arbitrary number
of inlet nodes and exit nodes, although in the examples considered in this work the network consists of one inlet and up to
125 possible exits. All nodes are evenly spaced across a maximum width of 0.03 m. In Fig. 1 the flow direction is shown
to represent how the coolant fluid moves through the fractal
branching network. Element properties like cross sectional areas, hydraulic diameters, and lengths were calculated using the
assumed (non-optimal) ratio formulas of West et al. [5,6].
The computer program used to analyze the cooling properties of the initial configurations shown in Fig. 1 also can account
for micro ribs, staggered and inline rows of pin fins and impingement holes, but these features were not used in this work
[2–4,12].
The internally cooled object involves a network with many
branches and various types of connections that could be easily developed by using the automatic branches generator with a
variable number of connections between the nodes.
The Reynolds analogy provided a relationship between the
wall shear stress and the heat transfer.
f/8
(1)
St =
√
1 + 12.7(Pr2/3 − 1) f/8
Here, the Stanton number, St = hc /ρcp w, the Prandtl number, Pr = μcp /k, and the friction factor, f = 8τw /ρw 2 , were
based on the bulk properties of the coolant fluid. The value of
the friction factor was taken from the Moody diagram knowing
the relative roughness ratio, ε/Dh , and the Reynolds number
[13, pp. 230].
Each fluid element (a member of the cooling network which
connects two nodes) can have different wall roughness, angle,
length, cross-sectional area and geometry. Local hydrodynamic
losses were computed in each fluid element based on the local
value of the Reynolds number used in an explicit formula given
by Haaland [14].
 


6.9
ε/Dh 1.11
1
(2)
+
√ = −1.8 log
ReD
3.7
f
The ejection static pressure can be either computed by a
CFD or it can be specified as a design condition (in the case
of a closed loop cooling systems). The resulting inlet coolant
static pressure was a function of the coolant mass flow rate, the
relative wall roughness, the inlet coolant air pressure, the material properties, coolant passage geometry, and the heat flux into
the cooled object.
The scheme of Fig. 1 is used for calculation in this work and
it is optimized to give the best cooling performance by allowing the number of branches developing from any single channel
to vary from 1 to 5 while keeping all other element properties
such as; channel lengths, cross-sectional areas, hydraulic diameter, and wall roughness fixed. For more general calculations
this network can be developed with other geometries, with different arrangement of connections between the nodes, different
number of nodes, different number of elements, etc.
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In Fig. 1 each node is represented by the intersection where
one or more lines join and each element is a line connecting
two nodes. The coolant flow enters through the inlet and leaves
through all the exits. The internal coolant network was subdivided into kk elements (fluid paths). Fluid elements were connected, as presented in Fig. 1, between nn nodes. The number
of inlet and exit nodes, mm, was included in the total number
of nodes, nn. Each fluid element has two nodal endpoints (inlet and exit). Internal nodes have at least one path entering it
(source) and one or more paths leaving (sink). Nodes that have
no sources, having one or more sink paths indicate a supply
(inlet) path. Similarly, nodes connected to one or more sources,
having no sink paths are called a dump (exit) path.
3. Creating the network geometry
Geometric information of the internal coolant passages was
accomplished by using the fixed ratios found in the work of
West et al. [5,6] for two-dimensional branching channel networks. These ratios give the branching diameter and lengths
ratios
dk+1
= n−1/(D+1)
(3)
β=
dk
Lk+1
= n−1/D
(4)
γ=
Lk
The symbol γ represents the branching length ratio, β represents the branching diameter ratio, m indicates the total number
of branching levels exclusive of 0th level which is the inlet of
the branches, n represents the number of branches into which a
single channel branches, D is the Euclidean dimension, dk represents the hydraulic diameter of a channel in segment k, and
Lk represents the length of a channel in segment k, where k is
indexed from zero to m. Specifying a total channel length Ltot
and using the relation
Ltot
Lm = m

1
i=0 γ i

(5)

to find the terminal channel length Lm , allows to calculate the
length of all the branching levels by using Eq. (5). In a similar
fashion all the hydraulic diameters are calculated using Eq. (4)
given the hydraulic diameter of any branching level. These ratio
formulas were originally derived for the assumed trees, not optimized trees [15], while most of the dendritic architectures in
heat transfer today are optimized trees arising from constructal
theory [16–19]. However, no mathematical formulations from
the constructal theory were used in the present work which
serves purely as proof of a concept for designing cooling networks having multiple objectives by using a multi-objective optimization algorithm. The branching angles were not taken into
account in the current analysis nor in the optimization logic.
The random branches generator was initialized as shown in
Fig. 1, to a maximum of five branching channels extending from
each channel (n = 5), four branching levels (m = 3 when excluding the 0th level), for a two-dimensional object (D = 2)
having total channel length Ltot = 0.06 meters and an inlet hydraulic diameter dk=0 = 2.006 × 10−3 meters.
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Table 1
Geometry dimensions for four levels of branching channels shown in Fig. 1
k

Ak (m)

dH,k (m)

Lk (m)

0
1
2
3

1.504 × 10−4

2.006 × 10−3

3.455 × 10−2
1.545 × 10−2
6.910 × 10−3
3.090 × 10−3
6.000 × 10−2

8.795 × 10−6
5.144 × 10−6
3.008 × 10−6

1.173 × 10−3
6.860 × 10−4
4.012 × 10−4
Total

The fixed ratios formulas (Eqs. (3) and (4)) were used in this
paper with a fixed value of γ . This results in a fixed length
of each level of branching. This would lead to non-uniform
distances between neighboring branching levels. However, we
were interested in the case where all the branching nodes on the
same branching level (that is, on a straight line) are at the same
location measured along the main flow direction (see Fig. 1).
It is these distances between the neighboring branching levels
that were computed using the fixed ratios formulas (Eqs. (3) and
(4)). Since these ratio formulas are not giving optimized values
of channel diameters and their lengths, the lengths of all channels except for the central channel are definitely suboptimal in
the example treated in this work.
Due to anticipated long computing time needed, in this particular work, our objective was not to optimize the length of
each individual channel and its diameter and surface roughness.
However, it could be a simple future extension of this work to
use an optimization algorithm and these three quantities per
each segment of each flow channel as additional design variables.
Table 1 (first two rows) illustrates the values to which channels in each level were initialized using the diameter and length
ratios calculated before. Other initialization parameters were
the interior wall roughness and the wall surface temperature for
each channel. These initial values were 0.3175 × 10−3 m and
1025 K, respectively. In this work, the interior wall roughness
was kept constant for all the elements in the fractal branching network. The working fluid was air with its temperaturedependent physical properties. The boundary conditions at the
inlet were a total pressure of 1706.6 kPa and a total temperature of 893.37 K. The boundary conditions at the exits were
a static ambient pressure of 752.89 kPa and a static temperature of 1366.4 K. The local average coolant speeds, pressures
and temperatures were then calculated by iteratively satisfying
a system of local mass conservations and extended Bernoulli’s
equations involving heat transfer, enthalpy changes and viscous losses [2–4,12]. Surfaces of all the channels were kept
isothermal throughout the optimization process with a steady
cold stream feeding through a single inlet and leaving as warm
shower through a canopy of exit channels.
4. Optimization process
The hybrid multi-objective optimizer combined with the
fractal branches generator and the quasi 1-D flow field/heat
transfer analysis is used to optimize the internal passage geometry for optimum flow properties and geometry. Program OBJ
is written as the connection between the branches generator,

the quasi 1-D analysis code and the hybrid multi-objective optimizer. Program OBJ, which is called by the optimization algorithm performs the following tasks:
• Reads branching generator’s initial input file.
• Reads optimizer’s output file.
• Writes new branches generator’s input file based on optimizer’s output file.
• Runs the branches generator program.
• Branches generator writes an input file for the quasi 1-D
flow-field analysis code.
• Runs quasi 1-D flow-field analysis code using input given
by branches generator.
• Reads total number of elements from the quasi 1-D thermofluid analysis input file.
• Reads output file from the quasi 1-D thermo-fluid analysis
code.
• Calculates objectives.
• Writes input file for optimizer.
With the last step, the optimizer makes decisions and the
process repeats in a loop until the desired number of function
evaluations is reached.
The design variables in this research are the number of
branching channels allowed to propagate from a single channel. For all the channels the number of developing branching
channels was allowed to vary from 1 to 5. The simultaneous
objectives were as follows:
• Total heat removed (to be maximized)—is the heat, which
the coolant absorbs from the walls per unit time.
• Total pressure drop (to be minimized)—is the total pressure
difference between inlet and the exits.
• Mass flow rate (to be minimized)—is the total mass flow of
the coolant per unit time.
5. Numerical results
During the optimization process different network branching
configurations were automatically developed and tested by the
optimization program. Those configurations that produced satisfactory results in terms of the three simultaneous objectives
were used to predict a better configuration in the next function evaluation. After each function evaluation, the Pareto front,
which is a three-dimensional graph of values of the three objectives as configurations change, moves (Figs. 2–5) until the
solution reaches a steady state where no other better solution
is feasible, and at this instance optimized points remain in the
same configuration without changing. This means that the final
shape of the Pareto front is reached and that the optimization
process is finished. When the final shape of the Pareto front
is reached, the designer can analyze and decide which Pareto
optimal point is the best for the desired needs. In this work,
choosing the configuration that requires the least amount of
pumping power for the coolant was considered to be of great
importance.
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Fig. 2. Pareto optimal points after 1st iteration, Q̇–ṁ view.
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Fig. 5. View of one possible configuration after 1st iteration.

• Total heat removed with units of Watts, plotted in the xaxis.
• Total pressure drop of the coolant with units of bars, plotted
in the y-axis.
• Mass flow rate of the coolant with units of kilograms per
second, plotted in the z-axis.

Fig. 3. Pareto optimal points after 1st iteration, Q̇–Pt view.

In the following figures a two-dimensional view of the
Pareto front is presented in order to observe the changes of the
three objectives with respect to each other as the optimization
process progresses from start to end. These views of the Pareto
front show all the optimized points from the particular viewing
axis. The diamond shown in the upper right area of all the figures of the Pareto front corresponds to the value of the three
objectives for the initial configuration given in Fig. 1. Values
of the objectives corresponding to the initial configuration are
shown for comparison purposes in Table 1. The optimization
process required approximately three hours on a 3.0 GHz Pentium IV processor.
The following results show a sequence of optimized points
at various stages in the optimization process. These results are
related to the initial configuration shown in Fig. 1 for four
branching levels. Figs. 2 through 4 represent optimal designs
after the first optimization iteration. Fig. 2 shows the relation
between total amount of heat removed and the corresponding
coolant mass flow rate. The total heat removed and the coolant
mass flow rate are linearly related by the formula
Q̇ = ṁcp T

Fig. 4. Pareto optimal points after 1st iteration, Pt –ṁ view.

For this particular optimization process there were three objectives, this is why the Pareto front graph is three dimensional.
Each axis on the graphs presented in the following figures represents one objective. Each optimal point in the figures that
follow has three coordinates. These coordinates are:

(6)

This linear relation is observed in Fig. 2 proving that the
optimization algorithm is finding correct cooling network configurations. During the first optimization iteration the optimizer
found 28 possible Pareto optimal configurations out of 100,
which was the pre-specified number of Pareto points for this
optimization case.
Fig. 3 shows the relation between total heat removed and
pressure drop. Fig. 4 shows the relation between pressure drop
and mass flow rate. Fig. 5 shows one of the possible network
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Fig. 8. Pareto optimal points after 500 iterations, Pt –ṁ view.

Fig. 6. Pareto optimal points after 500 iterations, Q̇–ṁ view.

Fig. 9. View of Pareto optimized configuration No. 62 after 500 iterations.

Fig. 7. Pareto optimal points after 500 iterations, Q̇–Pt view.

configurations that corresponds to one point on the Pareto front
where the heat removed is 548.54 W, the pressure drop is
200.31 kPa, and the mass flow rate is 0.0097044 kg/s.
It should be pointed out that if a linear combination of the
single objectives was optimized, it would involve user-specified
weighting factors, thus, creating only a single point on the
Pareto surface where this point would depend on the chosen
weights.
Figs. 6 through 8 represent Pareto optimal front projections
after 500 iterations. The optimization was stopped at this stage
because there was little change in the shape of the Pareto front.
That is, for comparison purposes the number of optimization iterations was increased to 1000 to confirm that the Pareto front
was at its most optimized shape. It was noted that very minor
changes occurred near the upper-right-hand corners of Figs. 6
through 8. Since the changes in the Pareto front were very concentrated and only in one far extreme it was determined that
500 iterations are a good point to stop the optimization process.

Fig. 6 shows the relationship between the total amount of
heat removed and the corresponding required coolant mass flow
rate.
Fig. 7 shows the relationship between the total amount of
heat removed and the total pressure drop incurred in the coolant
network.
Fig. 8 shows the relationship between the total pressure drop
and the coolant mass flow rate. Fig. 9 shows one of the possible
geometric configurations corresponding to a point No. 62 on
the Pareto front consisting of 100 points where the total heat
removed is 523.56 W, the total pressure drop is 137.65 kPa, and
the coolant mass flow rate is 0.0080506 kg/s. However, there
are 100 different optimized configurations to choose from in
this test case. These are now the final optimized values of the
three objectives and are ready for analysis. This analysis and the
criteria for choosing the final optimized design are performed
in the next section.
6. Analysis of optimized results
Only those optimum points obtained after 500 iterations
were considered. The population was 60 and it was kept con-
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Table 2
Performance indicators for a number of optimized cooling networks with four branching levels: a select subset of a hundred Pareto optimal designs after 500
optimization iterations
Pareto
point
No.

Q̇
[W]

Pt
[kPa]

ṁ
[kg/s]

%
change
in Q̇

%
change
in Pt

%
change
in ṁ

Number
of
branches

Number
of
exits

Initial
1
3
4
6
7
10
15
20
25
30
35
40
45
50
51
52
53
54
55
56
57
58
59
60
62
65
70
73
75
80
85
90
95
100

990.02
112.94
170.18
188.21
215.71
221.39
253.02
286.47
318.70
354.65
387.83
412.99
431.95
450.44
473.21
475.83
480.84
483.95
487.92
490.24
493.97
504.59
507.02
511.19
513.26
523.56
542.19
574.30
603.22
627.20
694.50
749.35
800.86
854.67
902.62

738.20
1.77
7.53
10.67
15.06
15.40
25.88
31.89
39.94
53.49
70.18
79.35
88.63
97.69
107.97
108.31
117.12
117.33
117.70
117.72
118.06
127.31
127.34
127.93
137.36
137.65
148.10
168.50
189.05
209.60
259.88
307.97
353.04
418.61
526.13

0.018614
0.0012265
0.0020396
0.0023470
0.0027464
0.0027751
0.0035483
0.0039220
0.0043835
0.0050456
0.0057688
0.0061287
0.0064723
0.0067923
0.0071364
0.0071515
0.0074309
0.0074370
0.0074482
0.0074490
0.0074630
0.0077451
0.0077464
0.0077668
0.0080423
0.0080506
0.0083514
0.0089047
0.0094296
0.0099268
0.0110490
0.0120250
0.0128730
0.0140160
0.0157130

00.00
88.59
82.81
80.99
78.21
77.64
74.44
71.06
67.81
64.18
60.83
58.28
56.37
54.50
52.20
51.94
51.43
51.12
50.72
50.48
50.11
49.03
48.79
48.37
48.16
47.12
45.23
41.99
39.07
36.65
29.85
24.31
19.11
13.67
8.83

00.00
99.76
98.98
98.55
97.96
97.91
96.49
95.68
94.59
92.75
90.49
89.25
87.99
86.77
85.37
85.33
84.13
84.11
84.06
84.05
84.01
82.75
82.75
82.67
81.39
81.35
79.94
77.17
74.39
71.61
64.80
58.28
52.18
43.29
28.73

00.00
93.41
89.04
87.39
85.25
85.09
80.94
78.93
76.45
72.89
69.01
67.07
65.23
63.51
61.66
61.58
60.08
60.05
59.99
59.98
59.91
58.39
58.38
58.27
56.79
56.75
55.13
52.16
49.34
46.67
40.64
35.40
30.84
24.70
15.59

156
10
12
13
14
14
19
21
19
24
28
30
30
31
33
33
34
34
34
34
35
36
36
36
37
37
40
42
43
48
58
62
69
77
96

125
3
5
6
7
7
9
10
11
13
15
16
17
18
19
19
20
20
20
20
20
21
21
21
22
22
23
25
26
29
36
39
44
52
68

stant. Thus, there were 30 000 network configurations analyzed.
The number of Pareto points was specified to be 100; thus, the
number of optimal designs obtained from the optimization is
100. In order to choose the best four-level cooling network design among these 100 Pareto optimal designs, the optimized
objectives were compared to the calculated values of total heat
removed, total pressure drop, and mass flow rate of the initial
configuration shown in Fig. 1. These values were taken as reference and are shown in Table 2.
To determine the best design from the data presented in
Figs. 6 through 8 it is necessary to plot the ratio of total heat
Q̇ρ

, as a function of total heat
removed to pumping power, Pavg
t ṁ
removed, Q̇. The best design is the one where the total heat removed to pumping power ratio is the highest among the other
designs. This ratio must be the highest because the objective is
to remove as much heat as possible with the least amount of
pumping power. In Fig. 10 the single diamond symbol represents the ratio of the total heat removed and the pumping power
of the initial configuration and the circles represent the same
ratios for all the Pareto points in Figs. 6 through 8.

Fig. 11 shows the pumping power necessary to drive the
cooling fluid through the network plotted as a function of total heat removed [12,20]. The dotted line in Fig. 11 represents
the values that would exist if the pumping power would be equal
to the total heat removed, meaning that for one Watt of power
needed to drive the flow, one Watt of heat is removed by the
coolant. All the points below the dotted line are good solutions,
because the power needed to pump the coolant is less than the
amount of total heat removed. All the points above the dotted line are the unfavorable solutions, because more power is
needed for pumping than the amount of heat removed.
Note that the initial configuration, which is represented by
the diamond, falls in the unfavorable region. All the points
plotted in Fig. 11 are arranged from left to right in the same
ascending order of Pareto points in Figs. 6 through 8. Therefore, the left most point corresponds to Pareto point No. 1 and
the right most point corresponds to Pareto point No. 100. This
kink that still exists in the Pareto front at the high flow rates and
the high amounts of heat removed (Fig. 11) represents a visual
measure of the degree to which the Pareto front has converged.
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Q̇ρ

Fig. 10. Ratio of total heat removed-to-pumping power, Pavg
, as a function of total heat removed, Q̇.
t ṁ

t
Fig. 11. Cooling efficiency depiction: required pumping power, ṁP
ρavg , versus total heat removed, Q̇.

After using more than twice of the otherwise quite sufficient
number of optimization iterations (in this test case it was 500
iterations), this kink becomes barely noticeable. However, the
rest of the Pareto front has not moved any more during this significantly longer iterative process. Therefore, for all practical
purposes the Pareto front, even with this small local kink, can
be considered as converged.
Fig. 12 below is a magnification of the favorable region of
Fig. 11, which consists of all the values of pumping power vs.
total heat removed under the dashed line. In Fig. 12, all the

Pareto points from No. 1 through No. 56 are represented starting with the value of pumping power vs. total heat removed for
Pareto point No. 1 at the left most point and concluding with
the value of pumping power vs. total heat removed for Pareto
point No. 56 at the right most point.
The optimization objectives were to simultaneously maximize the total heat removed, minimize the total pressure drop,
and minimize the mass flow rate.
Now, the focus is to select from Fig. 10 the point with maximum ratio of the total heat removed to pumping power. The
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Fig. 12. Magnification of a section of Fig. 11.

point with the highest ratio is beneficial because it is desired
to remove the maximum amount of heat while minimizing the
total pressure drop; also it is desired to remove the maximum
amount of heat while minimizing the pumping power required
to circulate the coolant fluid. From Fig. 10 the point with the
highest total heat removed to pumping power ratio corresponds
to Pareto optimized network No. 1. However, Pareto point No. 1
provides the smallest total heat removed, smallest total pressure
drop, and smallest mass flow rate. Consequently, this point also
has the best total heat removed to pressure drop ratio and the
best total heat removed to pumping power ratio. Greater detail
of the amount of pumping power necessary to move the coolant
flow and the amount of total heat removed for the configuration
of Pareto point 1 is observed in Fig. 12. On such domains one
can follow the “evolution” of the configuration toward better
and better, in time. This mental viewing is part of the constructal theory today and is acknowledged as such.
The values of total heat removed, Q̇, coolant total pressure
drop, Pt , and coolant mass flow rate, ṁ, at Pareto optimized
network No. 1 are 112.94 W, 0.0177 bars, and 0.0012265 kg/s,
respectively. Fig. 13 is the geometric configuration of the fractal
branching channel network associated with Pareto point No. 1.
This figure shows the branches orientation only, parameters
like the cross-sectional area, hydraulic diameter, and branching level lengths remained fixed for each branching level as
described in Table 1. In Fig. 13, the first branching level which
is the inlet, has one channel, while the second, third and fourth
branching levels have three channels per level. This configuration is the easiest among the other possible configurations to
manufacture with only ten branching channels, one inlet, and
three exits. It could be expected that this cooling network configuration also provides less fouling of the branching channels.
The optimized results could be viewed from another angle by taking into consideration that at the present time it
is expected from a cooling network to remove approximately

Fig. 13. Geometry of Pareto optimal network No. 1 after 500 iterations with 4
branching levels.

10 Watts per squared centimeters. Configuration of Pareto optimized network No. 4 provides similar results to those expected.
Since the surface area of the object where this particular fractal
branching network can be implemented is 18 cm2 , 3 cm wide
by 6 cm long, it is expected that this network removes approximately 180 Watts of heat. The configuration of Pareto point
number 4 provides a similar amount of total heat removed with
188.21 Watts. This configuration is presented in Fig. 14.
Thus, the configuration of Pareto point No. 4, represented
in Figs. 10, 11, and 12 as the fourth point from left to right,
provides approximately 14 times total heat removed per each
Watt of pumping power necessary. Fig. 12 further enhances this
observation by noticing that for the fourth point from left to
right the amount of pumping power necessary is approximately
13 Watts and the amount of total heat removed is approximately
188 Watts.
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(a)

Fig. 14. Geometry of Pareto optimal network No. 4 after 500 iterations with 4
branching levels.

(b)
Fig. 15. Geometry of Pareto optimal network No. 56 after 500 iterations with
4 branching levels.

Of particular interest is the optimal design of Pareto point
No. 56 for which the amount of thermal energy removed equals
the amount of energy spent on facilitating this removal. For optimum design No. 56 the amount of thermal energy removed is
494 Watts, which is approximately half of the maximum possible, 990 Watts for the initial configuration, while requiring only
16% of the original total pressure drop and only 40% of the
original mass flow rate. Topology of the branching channels for
the optimized design No. 56 is depicted in Fig. 15.
An even more appropriate compromise for the finalist optimized network solution could be the Pareto optimal network
number No. 73 (see Table 2). It requires only half of the coolant
mass flow rate compared to the initial network configuration
given in Fig. 1. It also requires three quarters less pumping
power as compared to this initial configuration, while removing 39 percent less heat than the initial configuration with only
43 branches as compared to the original 156 branches. Configuration of the Pareto optimal network No. 73 indicating distri-

Fig. 16. Geometry of Pareto optimal network No. 73 after 500 iterations with 4
branching levels showing (a) optimized total pressure distribution, and (b) optimized total temperature distribution.

bution of corresponding total pressure, total temperature, local
mass flow rate and Mach number are given in Figs. 16 and 17.
7. Conclusions
A methodology for preliminary design optimization, of fractal branching channel networks of internal cooling passages
utilizing a compressible homo-compositional fluid, has been
described and demonstrated. A complete software package was
developed for affordable preliminary design optimization of
fractal branching channel networks of cooling passages with
multiple simultaneous objectives. The software package includes: a random branches generator, a hybrid multi-objective
optimizer, a quasi 1-D compressible thermo-fluid analysis code,
program OBJ, analyzer and a program to visualize the geometry of the branches.
The only design variables were the number of channels emanating from each of the candidate branching points on each
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moved to pumping power. These cooling network performance
parameters could be further improved using the multi-objective
optimization by incorporating each channels’ hydraulic diameter, cross-sectional area, length, and wall roughness as additional optimization variables and by adding more branching
levels.
The quasi 1-D thermo-fluid analysis code needed approximately forty iterations on average to analyze each configuration. The number of iterations necessary for each network
geometry depended on the number of branches per configuration. The hybrid multi-objective optimizer needed 500 iterations to create a converged Pareto front of optimized branching
network configurations for the case of four branching levels.
A population of 60 designs was used. The total number of
function evaluations analyzed was 30 000. The entire design optimization process takes approximately three hours on a single
3.0 GHz Pentium IV processor.
(a)
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(b)
Fig. 17. Geometry of Pareto optimal network No. 73 after 500 iterations with
4 branching levels showing (a) optimized coolant mass flow rate distribution,
and (b) optimized Mach number distribution.
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