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Abstract In the case of steady heat conduction and steady elasticity there is often a problem of not
knowing temperatures and heat fluxes or tractions and deformations boundary conditions on some parts of
the boundary. However, there should be a sufficient amount of over-specified boundary conditions
available on at least a portion of the remaining boundary. . In this case, the entire process of determining
the boundary conditions is of a truly non-destructive nature since there is no need to have values of the field
variables at points inside the object. These problems can be solved either non-iteratively using a boundary
element formulation or iteratively using a finite element formulation. In the case of a non-iterative
formulation the solution process is very simple and numerical results are practically guaranteed. In the case
of an iterative formulation, a judicious application of appropriate regularization algorithms must be
performed. Furthermore, the over-specified boundary conditions must be highly accurate. Both algorithms
have been demonstrated to work on simply-connected and multiply-connected two-and-three-dimensional
configurations.
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INTRODUCTION
In this paper, we present a concise summary of analytical formulations, numerical implementations, results
and experiences from our own research [1-10] in the general area of inverse determination of boundary
conditions of multiply-connected arbitrarily shaped domains having fixed geometries. This class of
problems arises very often in engineering practice when boundary values of certain field quantities cannot
be measured on some parts of the boundary of an object. These situations often occur because of the
inaccessibility of such boundaries to experimental apparatuses, because of the volatile and harsh
environment that exists on these boundaries that could cause the measuring sensors to malfunction or even
become damaged, etc. The methodologies to be discussed briefly are applicable to determining boundary
values of any field variable, although we will offer examples of their applications in heat transfer and linear
elasticity only.
BOUNDARY ELEMENT FORMULATION
The Boundary Element Method (BEM) [11], when used for linear boundary value problems, is a
non-iterative solution procedure. If the global domain does not have too many subdomains, the BEM is
significantly faster and more robust than the other numerical solution techniques. Analytical solutions to the
partial differential equations governing the field variables, in the form of the Green's function, are a part of

the BEM solution. Introducing the Green's functions does not introduce any error into the solution thus
guaranteeing high accuracy of the BEM. Furthermore, the non-iterative nature of the BEM eliminates
stability, numerical dissipation and convergence problems and also removes any need for artificial
dissipation. This is valuable because iterative inverse problem solving procedures like Finite Element
Methods (FEM) [12] tend to amplify errors thus requiring complex regularization (smoothing) algorithms
[13].
We will sketch the BEM in case of heat conduction equation for the steady-state temperature distribution,
T(x), in a solid isotropic domain Ω bounded by the boundary Γ is given by
∇ ⋅ (k(T) ∇T( x )) + S( x ) = 0

(1)

Here, k(T) is the temperature-dependent coefficient of thermal conductivity, x is the position vector, and S(x)
is a function representing arbitrarily distributed heat sources (or sinks) per unit volume. Eq. (1) can be
subject to the Dirichlet (temperature, T) boundary conditions on some parts of the boundary, the Neumann
(heat flux, Q) boundary conditions on the other parts of the boundary, radiation heat flux conditions on yet
another part of the boundary, and, when a boundary is exposed to a moving fluid, the Robin (convective heat
transfer) boundary conditions on the remaining boundary, Γconv,
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Here, n is the direction of the outward normal to the boundary, hconv is the local convective heat transfer
coefficient, and Tamb is the ambient fluid temperature. Kirchhoff defined the non-dimensional temperature,
u(x), as
T

u(x) = ∫
o

k(T)
dT
ko (Tmax − Tmin )

(3)

where ko = constant is the reference value of the coefficient of thermal conductivity. The Eq. (1) then
becomes Poisson's equation for the non-dimensional temperature u(x).
∇ 2u( x ) + b( x ) = 0

(4)

Here, the non-dimensionalized distributed heat source function is defined as
b( x ) =

S( x )
l2
ko (Tmax − Tmin )

(5)

where l is the characteristic length. The Neumann boundary conditions can be transformed in terms of
Kirchhoff's non-dimensional flux, q, as

q=

∂u
∂n

(6)

The weighted residual statement minimizes this error by setting the weighted sum of the residuals over the
entire domain and in the boundary conditions to zero. For Poisson's equation, the weighted residual
statement is
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Here, w(x,y) is the weighting function, x is the real space coordinate and y is the coordinate of local
integration. Performing integration by parts twice on this equation amounts to Green's second identity [19,
20], retaining the Cauchy principal value of the boundary integrals, and using the properties of the Dirac
delta function, the following Boundary Integral Equation (BIE) is obtained [18]

c(x)u(x) +

∫ q *(x,y) u(y) dΓ

=

Γ

∫ u *(x,y) q(y) dΓ

Γ

+

∫ u * (x,y) b(y) dΩ

Ω

(8)

Here, u* is the fundamental solution which is the solution to the adjoint of the governing partial differential
equation which satisfies the homogeneous boundary conditions in an infinite domain [26].
After discretization using BEM, there will be NBN+NINT boundary integral equations, one for each boundary
node NBN plus one for every internal temperature measurement NINT. The resulting discretized version of the
BEM can be represented in matrix form as
(9)

[H] {U} = [G] {Q} + [R] {B}

where [H], [G] and [R] are the geometric coefficient matrices. For example, if at two vertices (1 and 3) of
a quadrilateral surface panel both u = u and q = q are known, while at the remaining two vertices (2 and 4)
neither quantity is known, the BIE equation set begins as
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For a well-posed boundary condition problem, every point on the boundary is given either one Dirichlet, one
Neumann or one Robin boundary condition assuming that internal heat source distribution is known.
Additional equations may be added to this equation set if temperature measurements are known at certain
locations within the domain. The known nodal variables are then multiplied by their respective coefficient
matrix terms and transferred to the right hand side [3,4,5]. Similarly, all unknown nodal variables are
multiplied by their respective coefficient matrix terms and transferred to the left hand side.
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The result is a standard linear matrix form of the general type [A]{X}={F}. This well-posed system of linear
algebraic equations can be solved for the vector of unknown values {X} at the boundary points by any
standard matrix solver such as Gaussian elimination or LU factorization. Once the boundary temperatures
and heat fluxes are determined, the surface variation of hconv is readily available from Eq. (2) [6].
DETERMINATION OF STEADY BOUNDARY CONDITIONS IN ELASTICITY USING BEM
Well-posed (analysis or forward) problems in steady-state elasticity require knowledge of either

displacement vectors, u, or surface traction vectors, p, everywhere on the surface of the solid body. When
performing an inverse evaluation of the steady-state elasticity problem using the BEM, both u and p are
unknown on a part of the solid's surface. Elsewhere on the solid's surface, either u or p should be applied,
while both u and p must be specified on at least some parts of the surface. The surface section where both
u and p are specified simultaneously is called the over-specified boundary
The state of stress at a point is defined using a symmetrical stress tensor, σ. The stress components must
satisfy the following equilibrium equations throughout the interior of the solid body.

∂σ

kj
+ bk = 0
∂x j

(12)

where j =1,2 and k = 1,2 and bk are the net body forces per unit volume. These forces could be caused by
thermal stresses. The surface force tractions on the object are denoted by the vector, pk , and the prescribed

boundary values of these tractions on the surface Γp are denoted by Pk .. Let Γu be the portion of the
boundary where the displacement boundary conditions, Uk , are prescribed while where uk is the vector
displacement field. The principle of virtual displacements for linear elastic problems can be written as [11],
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where pk * are the surface tractions corresponding to the virtual displacements, uk *. The boundary Γ is
discretized into Nsp surface panels connected between N nodes. The functions u and p are quadratically
distributed over each panel with adjacent panels sharing nodes such that there will be twice as many
boundary nodes as there are surface panels. The displacements and tractions are defined in terms of three
nodal values and three quadratic interpolation functions. The whole set of boundary integral equations can
be written in a matrix form as
[H] {U} = [G] {P}

(14)

where the vectors {U} and {P} contain the nodal values of the displacement and traction vectors. Each
entry in the [H] and [G] matrices is developed by properly summing the contributions from each
numerically integrated surface integral. The set of boundary integral equations will contain a total of 2N
equations and 6N nodal values of displacements and surface tractions.
For a well-posed boundary value problem, at least one of the functions, u or p, will be known at each
boundary node (either Dirichlet or von Neumann boundary condition) so that the equation set will be
composed of 2N equations and 2N unknowns. For an ill-posed boundary value problem, both u and p
should be enforced simultaneously at certain boundary nodes, while either u or p should be enforced at the
other boundary nodes, and nothing enforced at the remaining boundary nodes since no boundary values are
known there. If at two boundary nodes (1 and 3) of a quadrilateral boundary element both u = U and p = P
are known, but at the other two nodes (2 and 4) neither u nor p is known, all the known quantities can be
transferred to the RHS so that the BEM equation set after this rearrangement appears as [2]
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where each of the entries in the [H] and [G] matrices is a 2x2 submatrix in the case of a two-dimensional

domain. The right-hand side vector {F} is known and the left-hand side remains in the form [A]{X}.
Additional equations may be added to the equation set if deformation measurements, u, are known at
locations within the solid in order to enhance the accuracy of the inverse steady boundary condition
algorithm. A proper physical solution will be obtained if the number of equations equals or exceeds the
number of unknowns. If the number of equations is less than the number of unknowns, the Singular Value
Decomposition (SVD) method will find one solution [14], although it does not necessarily have to be the
proper solution from the physical point of view.
REMARKS ON SVD ALGORITHM AND TIKHONOV’S REGULARIZATION
Thus, if the boundary conditions (T, q, or hconv) are unknown on parts of the boundary or if internal
temperature measurements are included in the analysis, the problem becomes ill-posed. However, a solution
may still be obtained by multiplying the known quantities in the vectors {U} and {Q} by their respective
coefficient matrix columns and collecting them into the vector of knowns, {F}. All the unknowns then form
a single vector, {X}, multiplied by a highly ill-conditioned coefficient matrix, [A], which is, in general, not
square. The truncated SVD method [14,15] has been often used to solve this ill-conditioned system of
algebraic equations. In order to determine which singular values in [A] are to be truncated, we must choose
a user-specified singularity threshold parameter, τSVD. Any singular value, whose ratio with the largest
singular value is less than this singularity threshold, is zeroed out. The objective is that those algebraic terms
that are dominated by noise and round-off error are eliminated from the matrix.
Tikhonov’s regularization [13] is another type of single-parameter minimization where the solution vector
{X} minimizes the weighted sum of the norm of the error vector plus a penalty term. Tikhonov’s
regularization is actually a generalization of least-squares truncation. Instead of eliminating terms associated
2
with small singular values, they are weighted by a factor (1 + τΤΙΗ / ω ) where ω is any of the singular values
of the matrix [A]. Of crucial importance in this approach is the magnitude of the Tikhonov’s regularization
parameter, τTIH. A low value makes the residual term [A]{X}-{F} smaller thus approaching the least squares
solution. However, since the small singular values are associated with noise, the solution for an
ill-conditioned matrix often oscillates erratically. Larger Tikhonov’s regularization parameters act as a filter
to gradually reduce the effect of the singular values because ωj/ωmax are less than the regularization
parameter, τTIH. Large values of this parameter create results that are very smooth, but also increasingly
wrong. However, there is no general formulation for determining an optimal choice of the regularization
parameter that provides a balance between the smoothness and the accuracy of the solution [4].
We have performed detailed testing of both SVD and Tikhonov’s regularization in a number of test cases
involving heat conduction inverse boundary condition problems [4-9]. Contrary to the widely accepted
beliefs, we observed that Tikhonov’s regularization produces smooth results, but often generates
unacceptable levels of global error [4].
FINITE ELEMENT METHOD FORMULATION
Our objective is to demonstrate that the same general concept used with BEM formulation is also
applicable when using the FEM formulation in prediction of thermal and elasticity boundary conditions.
FEM formulation with Galerkin’s method [12]after assembling all element equations results in two linear
algebraic systems that could be expressed (in case of no heat sources) as

[K c ]{u} = {q}

and [K ]{δ} = { f }

(16)

Here, [K c ] is the stiffness matrix for the thermal problem and [K ] is the stiffness matrix for the elasticity
problem. Similarly, {u}is the vector of unknown Kirchoff’s temperature functions and {δ } is the vector of
the unknown deformations (displacements). Both of these systems are typically large and sparse, but they
are also symmetric and positive definite. For example, thermal problem formulation results in
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In the case of an ill-posed problem, thermal and elasticity boundary conditions will not be known on some
parts of the boundary. For example, in three-dimensional heat conduction while using a tetrahedral
(three-dimensional) finite element, one could specify both the temperature, us, and the heat flux, qs, at node
1, flux only at nodes 2 and 3, and assume the boundary conditions at node 4 as unknown. The original
system of linear algebraic equations is modified by adding a row and a column corresponding to the
additional equation for the over-specified flux at node 1 and the additional unknown due to the unknown
boundary flux at node 4 [7-10].
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(18)

A similar procedure is also applied to the elasticity system of equations [7-10] where thermal stresses are
accounted for in the vector {F}. These linear systems will remain sparse (since FEM creates sparse matrix
problems), but will be non-symmetric and possibly rectangular depending on the ratio of the actual number
of known to unknown boundary conditions. These systems can be solved by a variety of methods, but
sparse solvers are usually required for minimizing memory requirements. Resulting systems are usually
ill-conditioned due to the nature of the inverse problem. The degree of ill-conditioning depends on the
geometry, ratio of the number of known to unknown boundary values, level of noise in the boundary data
provided, etc. Since the entire FEM approach is iterative, the ill-conditioning would result in an
uncontrolled growth of errors. Therefore, it is of a crucial importance to employ an appropriate algorithm
that will smooth (regularize) these errors.
REGULARIZATION FORMULATIONS
A regularization method was applied to the solution of the systems of equations in an attempt to increase
the method’s tolerance to possible measurement errors in the over-specified boundary conditions.
For example, in case of the thermal problem the general form of the regularized system is given as

⎡KC ⎤
⎧q ⎫
⎢ λD ⎥{u} = ⎨0 ⎬
⎣ ⎦
⎩ ⎭

(19)

The form of the damping matrix [D] determines what penalty is used. The damping parameter, Λ, weights
the penalty for each equation. Notice that [D] = [I] corresponds to traditional Tikhonov’s regularization. If
it is explicitly stated that Λ = 0 for all equations involving only interior points while [D] = [I] is used only
for equations involving the unknown boundary values, then the results will be smooth and the error
explicitly introduced by the regularization will be small [7-9].
An even more advanced regularization formulation minimizes the Laplacian of the unknown boundary
values [8,9]. This provides a smoothing of the temperatures without driving them to zero. Thus, the
damping matrix can be interpreted as an assembly of boundary elements on the boundary where the
temperatures are unknown. In case of an inverse thermal problem the method of weighted residuals can be
used to form a discrete Laplacian operator for the boundary elements.

2

∇ 2u → min

(20)

2

In the case of elasticity, the following version of regularization of the boundary values has been used [9]
∇ 2 (nˆ ⋅ {δ}) → min
2

(21)

2

If both of these equations are discretized using a method of weighted residuals, the appropriate damping
matrix can be determined for the combined inverse thermo-elasticity problems from the following formula
applied at boundary points only [22]

[D ]u 22 = [K C ]u 22

(22)

For each boundary element on unknown boundary we transform Laplace’s equation to natural
surface-following coordinates, discretize Laplace’s equation using Galerkin’s method, compute local
damping matrix [D], and assemble [D] into a global damping matrix. Standard sparse solvers can be used
to solve these normalized systems, but such systems are usually highly ill-conditioned. Direct or iterative
sparse solvers for least-squares problems can also be used. Examples are sparse QR factorization and
LSQR iterative method. Iterative methods are difficult to use in practice since they require good
preconditioners for fast convergence. Use of static condensation method for decreasing the sparseness of
the matrix and then use of a dense rectangular solver such as SVD to solve for the unknowns on the
boundary is also an option [15].
NUMERICAL EXAMPLES
The accuracy and efficiency of the FEM inverse formulation was tested on a simple three-dimensional
electronic package [10] known as ball grid assembly (BGA) (Fig. 1). A forward problem (direct or
well-posed problem) was solved to generate the over-specified boundary conditions for the inverse
problem. In this example, the objective was to inversely determine the junction temperature on the bottom
surface of the die by using only measurements on the outside of the electronic package. Only one quarter of
the package was modeled due to symmetry in shape and boundary conditions where 33 solder balls are
used in the ¼ model. The grid is composed of 27,417 nodes and 20,728 elements. Hexahedral (brick)
elements with tri-linear interpolation functions were used instead of tetrahedra to improve accuracy in the
thin material layers (Fig. 2).
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Fig. 1 A cross-section of the BGA electronic package.

Fig. 2 Computational grid for the BGA detail.

Sparse QR factorization was used to solve the linear system in all cases. The model was made up of nine
material regions (Table 1) and maintains the characteristic size, shape, and materials of a typical BGA
(Table 2). Convection (Robin) type boundary conditions were used on all surfaces. The forward
(well-posed analysis) problem was solved using all model regions. Die dissipates 0.75 Watts of power,
assumed to be uniformly distributed, so that a value of 0.1875 was used for the ¼ model.

Table 1. Thermal conductivities of the nine materials used. Table 2. Thermal boundary conditions.

The inverse problem was created by over-specifying the boundary conditions on the top and sides of the
epoxy package. No boundary conditions were applied to the bottom of the substrate. Thus, the objective
was to determine die junction temperature using measurements on the outside of the epoxy mold. The
substrate bottom is not accessible, so conditions there are unknown.

Fig. 3. Bottom of substrate: isotherms from inverse Fig. 4. Bottom of dye: isotherms from inverse and
and forward solutions with no measurement errors forward solutions with no measurement errors and
Λ = 10-30.
and Λ = 10-30.
Inverse determination of the junction temperature on the surface of the silicon die was accomplished
economically by modeling only regions 6-9 (9800 nodes). Results of inverse analysis without a provision
for measurement errors are in Fig. 3 and Fig. 4 demonstrating very high accuracy of this inverse algorithm.
The measurement errors were then simulated by taking temperatures and fluxes on the epoxy package from
the forward problem and applying a random error with σ = 0.01. For σ = 0.01, the average error in
over-specified temperature was 1.27% (Fig. 5) and average flux error was 1.24%. With a considerably
different value of Λ (Fig. 6) the inverse results for this realistic problem were very good (Figs. 7 and 8).

Fig. 5. Top of epoxy package: temperature Fig. 6. Temperature error on substrate bottom as a
distribution used without and with simulated mean
function of damping parameter.
random errors of 1.27% in overspecified The temperature error on the substrate bottom was
temperature and 1.24% in overspecified heat flux .
less than 3.0% for 10-5<Λ<10-3.

Fig. 7. Bottom of substrate: isotherms from inverse Fig. 8. Bottom of dye: isotherms from inverse and
and forward solutions when measurement errors forward solutions when measurement errors were
used on boundaries and with Λ = 10-4.
were used on boundaries and with Λ = 10-4.
SUMMARY
The BEM and FEM formulations for inverse determination of unknown steady boundary conditions in
multi-dimensional heat conduction and elasticity were summarized. The formulations are applicable to
arbitrarily shaped multiply connected objects made of different materials. It was demonstrated that these
inverse methods can predict boundary values with high accuracy.
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