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Abstract

In this paper we consider the problem of multidisciplinary design and optimization (MDO) of a diffuser for
a steady, incompressible magnetohydrodynamic (MHD) flow. Given a fixed diffuser shape, the optimizer
should find the distribution of the wall magnets that will maximize the static pressure increase from inlet to
outlet. This design problem is solved through the use of a genetic algorithm based optimization program
coupled with a finite element based MHD simulation program. For MHD simulation, a least-squares finite
element method (LSFEM) based program has been developed. The use of LSFEM allows the use of equal
order approximation functions for all unknowns and is stable for high Reynolds numbers. Optimization was
accomplished using a micro-genetic algorithm (GA) based program. The micro-GA is capable of searching
the design space with a population much smaller than that required by classical GA. The optimization was
performed on a parallel computer composed of commodity PC components. Results show that an applied
magnetic field with the proper strength and distribution can significantly improve the static pressure rise over
the case of no magnetic field. © 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper we consider the problem of multidisciplinary design and optimization (MDO) of
a diffuser for a steady, incompressible magnetohydrodynamic (MHD) flow. The problem can be
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stated as follows: given a fixed geometry, the optimizer should find the distribution of the wall
magnets that will produce the most efficient diffuser design. In this case, efficiency is measured by
total increase in static pressure, which should be maximized. This design problem is solved through
the use of a genetic algorithm based optimization program coupled with a finite element based
MHD simulation program.

The least-squares finite element method (LSFEM) has been applied successfully to steady and
unsteady incompressible 2D flows [1,2]. There are several advantages to using LSFEM some of
which will be mentioned here. First, the LSFEM produces symmetric positive definite systems of
algebraic equations that can be solved efficiently by simple iterative methods such as the precon-
ditioned conjugate gradient method. Furthermore, the LSFEM can be applied to equations or
systems of equations of any type without any special treatment which makes it an ideal method for
use in multidisciplinary problems involving various kinds of physics, such as MHD. Another
benefit of using LSFEM is that it is not subject to the restrictive inf-sup condition [1]. Equal order
approximation functions can be employed for all unknowns without causing instability.

The optimization method is based on a micro-genetic algorithm (GA). This methods allows the
optimizer to search the design space with a much smaller population than that required by the
classical GA.

The GA typically requires many function evaluations to find an optimum solution. In this case,
computational cost is minimized through the use of a distributed memory parallel computer based
on commodity hardware components. The combination of analysis and optimization software
based on LSFEM and micro-GA and cheap commodity component based parallel computers
make the solution of MDO problems tractable.

2. Simulation of MHD flows

A magnetohydrodynamic flow can be basically described as the flow of an electrically conduct-
ing incompressible fluid through an applied magnetic field. The following sections give an overview
of the equations governing MHD flows as well as the LSFEM numerical method that is used for
numerical simulation of such flows.

2.1. Governing equations

The steady viscous incompressible MHD flow can be described by the Navier-Stokes equations
combined with the Maxwell’s equations

V- V=0, (1)
V-VV—%V2V+%VP—JVXB><B:O, )
V-B =0, 3)

VXB = usVxB. (4)
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Here, V'is the fluid velocity, p is the fluid density, P is the hydrodynamic pressure, 7 is the coefficient
of viscosity, B is the magnetic flux density, 4 is the magnetic permeability coefficient, and o is the
electrical conductivity of the fluid. Only the presence of a steady magnetic field is considered here
so the equations and terms in Maxwell’s equations relating to the electric field are omitted.
Simulations of fluid flow with applied magnetic and electric fields would require a much more
complicated mathematical model [3].

For computations, we use the corresponding nondimensional form of the above equations

VE P = 0, )
1., Hi?

VH-V¥P* — —V*2P* 4 VEP* — —— % x B* x B* = (), (6)
Re Re

V*-B* = (, N

V* x B* = Rm V* x B*, (8)

where V* = VU, ", B¥ = BBy?!, P* = Pp 'Ug?, x* = xLg !, y¥*=yLs!'. Here, L, is the
reference length, U, is the reference speed, and B, is the reference magnetic flux density. For
convenience the * superscript will be dropped for the remainder of the paper.

The nondimensional numbers are given by

UoL
Reynolds number Re = pro 2,

Magnetic Reynolds number Rm = ugU, Lo,

Hartmann number Ht = Ly B, \/g.

2.2. Least-squares finite element method

The system of partial differential equations described in Section 2.1 is discretized using the
least-squares finite element method. We first look at the LSFEM for a general linear first-order
system.

[L]u =f, ©)

y

The residual of the system is represented by R.

Rw)=[L]u—7. (11)



352 B.H. Dennis, G.S. Dulikravich | Finite Elements in Analysis and Design 37 (2001) 349-363
We now define the following least-squares functional I over the domain Q:
Iu) = j Rw)"-R(u)dxdy. (12)
Q

The weak statement is then obtained by taking the variation of I with respect to u and setting the
result equal to zero.

S1(u) = j ([(L16u)([L]u —f)dxdy = 0. (13)

Using equal order shape functions, ¢;, for all unknowns, the vector u is written as

¢i{u19u2’u39"'7um}'ir9 (14)

=

u =

i

1

where {u;,u,, us, ..., u, }; are the nodal values at the ith node of the finite element. Introducing the

above approximation for u into the weak statement leads to a linear system of algebraic equations
[KJU=F, (15)

where [K] is the stiffness matrix, U is the vector of unknowns, and F is the force vector.

2.3. LSFEM for magnetohydrodynamics

Use of LSFEM for systems of equations that contain higher-order derivatives is usually difficult
due to the higher continuity restrictions imposed on the approximation functions. For this reason,
it is usually more convenient to transform the system into an equivalent first-order form before
applying LSFEM. For the case of magnetohydrodynamics, the second-order derivatives are
transformed by introducing vorticity, w, as an additional unknown.

V- V=0, (16)
1 Ht?

V-VV+—Vxw+ VP —-—VxBxB =0, (17
Re Re

w—VxV=0, (18)

V-B =0, (19)

VxB =RmVxB. (20)

We consider a two-dimensional problem only and write the above system in the general form of
a first-order system (9). Although the LSFEM is perfectly capable of treating the entire system
written in Egs. (16)-(20), it was found to be more economical to solve the fluid and magnetic field
equations separately, in an iterative manner. Here, a general form first-order system is written for
the fluid system (16)-(18) and denoted by the superscript fluid. A first-order system is also written in
general form for the magnetic field equations (19)-(20) and is denoted by the superscript mag. In
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addition, the nonlinear convective terms in the fluid equations are linearized with
Newton’s method leading to a system suitable for treatment with the LSFEM described in
Section 2.2.

'l 0 0 0 01 0 ?
. u 0 1 0 v 0 0 —
Af[uld — R Afh’id = Re s
LATT=1 w0 —Rie LA =10 4 1 0
0o -1 0 0 1 0 0 0
( 0 0 0 0]
Ht* Ht?
[Af31uid] _ TQ?ByO —R—eonByo 00 ’
Ht? Ht?
_?e—BxOByO ?e— JZCO 0 O
A 0 0 0 1
0 u
auo 5u0
ffluid — 0 8x UOW ufluid — v (21)
P\ o200 P
to 0x bo dy w
0

[Amag]_[l O:I [Amag]_[ 0 1] [Amag]_[ 0 0 ]
S N ¢ 2T 1 of } " |Rmvo — Rmu, [

mag _ JOl  mag _ JBx 2
-l g .

A solution satisfying both of the above systems of equations can be found by using a simple
iterative process. First, the system in Eq. (21) is solved with the magnetic field given from an initial
guess or from the previous iteration. Next, the system given in Eq. (22) is solved using the recently
calculated velocity field. This process is repeated until a specified convergence tolerance is reached.
For most cases considered in this paper, reduction of the residual norm of both systems by 3.5
orders of magnitude was achieved in less than 5 iterations.

2.4. Verification of accuracy

The accuracy of the LSFEM for MHD was tested against known analytic solutions for
Poiseuille-Hartmann flow. The Poiseuille-Hartmann flow is a 1D flow of a conducting and viscous
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Table 1

Parameters for Poiseuille-Hartmann flow test problem

Ht 10

Rm 6x1077

Ly (m) 1

Up (ms™1) 0.6

nkgm-ls™ Y 0.01

By (T) 1

p(HmY 1x10°6

0P/ox (Pam™1) 0.6

c(Q 'm™Y 1
7.00E-01

6.00E'01 T f,...-—— v—“\
5.00E-01 f(
4.00E-01

f [
3.00E-01 —= Analytic

2.00E-01

u{m/s)

1.00E-01

0.00E+00 \ ' T
0.5 1 1.5
-1.00E-01 L

y+L (m)

Fig. 1. Computed and analytical values for velocity profile.

fluid between two stationary plates with a uniform external magnetic field applied orthogonal to
the plates. Assuming the walls are at y = 4+ L and that fluid velocity on the walls is zero and that
the fluid moves in the x-direction under the influence of a constant pressure gradient, then the

velocity profile is given by [4,5]

_ pHtop (cosh(Ht) — cosh(Hty/L)
u) = g 8x< sinh(Hz) ) @3)

The movement of the fluid induces a magnetic field in the x-direction and is given by

_ B,Rm(sinh(Hty/L) — (y/L sinh(Ht)
B0 == < cosh(He)) — 1 ) @9
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Fig. 2. Computed and analytical values for induced magnetic field.

A test case was run using the parameters given in Table 1 and with a mesh composed of 2718
parabolic triangular elements. Fig. 1 shows the computed and analytical results for the velocity
profile. Fig. 2 shows the computed and analytical results for the induced magnetic field. For both
cases, one can see that the agreement between the analytical solution and the LSFEM solution is
excellent.

3. Genetic algorithm

Genetic algorithms are heuristic global optimization methods that are based on the process of
natural selection. Starting from a randomly generated population of designs, the optimizer seeks to
produce improved designs from one generation to the next. This is accomplished by exchanging
genetic information between designs in the current population in what is referred to as the
crossover operation. Hopefully this crossover produces improved designs which are then used to
populate the next generation.

3.1. Micro-GA

The well-known problem of premature convergence for classical GA’s can be avoided through
the use of the micro-genetic algorithm method [6]. The micro GA starts with a very small random
population. The GA is used in the normal fashion on this small population until the binary strings
of each individual differs from that of the best individual by less than some specified percentage. In
this paper, a value of 5% was used for all cases. At this point the entire population, except for the
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best individual, is replaced by random designs. For population of 15 individuals with 9-bit strings,
these restarts usually happen after 15-20 generations. This periodic infusion of new genetic
material allows the micro-GA to search the function space using a very small population. It will
also keep the population from being dominated by designs corresponding to a local minimum
found early in the optimization process.

3.2. Parallel GA

Genetic algorithms are robust search techniques that are capable of avoiding local minimum.
However, for a complex function space with many local minima it may take many generat-
ions before the global minimum is located. This translates into hundreds and possibly thousands
of function evaluations. If the function evaluation is expensive, such as a finite element analysis, it
may take days or weeks to complete an optimization with a GA on a single workstation.
However, one of the main advantages in using GA’s is the fact that they are inherently parallel
algorithms. Little effort is needed to modify an existing GA to make use of a parallel computer. The
simplest way to parallelize a GA, and the method used in this paper, is to use the synchronous
master-slave model [7]. Basically, the master processor does all computations relating to the
actual GA, such as selection and crossover operations. The slave processors are tasked by the
master to complete a function analysis of a given design and return the computed fitness. This
model works well if all function analyses require the same amount of computation effort and have
a long processing time relative to the amount of communication time needed to exchange
information between master and slave. In addition, it has recently become very affordable to
create powerful parallel computers from commodity personal computer components [8]. Such
machines should eventually make the use of GA’s with finite element analysis common place in
engineering design.

Fig. 3. Test function used to evaluate micro GA.
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3.3. Verification of accuracy

An optimization of a 2D analytic function was used to verify the accuracy of the micro-GA. This
test function is given as

a=x-10, b=y —20, d=aa+ bb + 0.5ab,

e =exp( —d/8.0), g =-cos(4.0,/d),
f=1.0—eg. (25)

Fig. 3 shows a graphical depiction of the function to be minimized. This test problem is difficult for
a traditional gradient-based optimizer since it has many false minima and would require an initial
guess very close to the global minimum. A micro-GA-based code [9,10] was used with a popula-
tion of 5, uniform crossover, a 50% probability of crossover, tournament selection, and no
mutation. Both design variables were encoded with 9-bit strings and were limited to the range — 5
to 5. The global minima for this function is located at (1.0,2.0). After 500 generations, the best design
found by the GA was located at (1.0,2.0196).

4. Numerical results

A parallel micro-GA-based code [9-11] was used to find the magnetic field strength and
distribution along the walls of a given diffuser that would maximize the static pressure increase
from inlet to exit.

Y

0 0.5 1 1.5

Fig. 4. Given diffuser shape.
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Table 2
Physical parameters for diffuser optimization problem
p (kg m~?) 1025
Lo (m) 3
Up (ms™Y) 1.58 x 107 *
n(kgm™!s7h) 0.001
pHm™Y 1x107¢
c(Q 'mY 4.5
0.5 i !
I —
> 0 “_ I
-0.5r ‘
0 1 2 3 2 5
X

Fig. 5. Mesh for a typical MHD diffuser analysis.

The diffuser shape is shown in Fig. 4. The inlet height is 0.5 m and the outlet height is 3.0 m and
length is 1.5 m. The physical parameters used are given in Table 2. The Reynolds number is 486,
based on the outlet height.

The magnetic field distribution along the diffuser bottom wall was parameterized with two
B-splines, one spline for the normal component and one spline for the tangential component. It
should be noted that only the distribution along the bottom wall was parameterized since the top
wall distribution was assumed to be mirror image of the bottom, but with antisymmetric direction.
Seven control points were used for each spline. The control points were encoded with 9-bit binary
strings and were allowed to move vertically from — 1.0to 1.0 and horizontally along the full length
of the diffuser except the end control points which were fixed. A 10-bit string was used to encode the
magnetic field strength, B, which was allowed to vary from 0 to 1.2 T. Altogether, a total of 20
design variables were used.

The MHD analysis was performed by a LSFEM code written in C/C++. A hybrid triangle and
quadrilateral mesh of parabolic elements was used [12]. A typical mesh is shown in Fig. 5.
A parabolic velocity profile was specified at the upstream boundary while a uniform static
pressure was specified at the downstream boundary, which was located several diffuser exit heights
away from the diffuser outlet. A no-slip boundary condition for velocity was specified at the walls.
Zero normal component of the magnetic field was enforced on all walls except those belonging to
the diffuser; there the magnetic field components were specified. The fitness of a design, which is
static pressure rise in this case, was determined by integrating the static pressure at the diffuser
outlet (x = 1.5 m) and subtracting it from the integrated static pressure at the diffuser inlet
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Fig. 6. Convergence history for a typical MHD diffuser analysis.
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Generation

Fig. 7. GA convergence history for run one.

(x = 0 m). The sparse linear system for both the magnetic field and fluid flow were solved with
a sparse LU code [13] at each nonlinear iteration. Convergence history for a typical analysis is
shown in Fig. 6.

All computations were made on a distributed parallel computer composed of 32 Pentium II 400
MHz processors. All communications were done using the MPICH library. Two optimizations
runs were made simultaneously, each starting from different random populations and each using 16
processors. Each used micro-GA, a population size of 15, uniform crossover, a 50% probability of
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Fig. 8. GA convergence history for run two.

Fig. 9. Optimized magnetic field distribution on top wall.

crossover, tournament selection, and no mutation. In about 30 h, both optimization runs com-
pleted 100 generations.

Figs. 7and 8 show the average fitness and the fitness of the best population member as a function
of generation for both micro-GA optimization runs (See also Fig. 9). The locations of population
restarts are clearly visible in the plots of average fitness. Both runs seem to be converging
to the same design, though run 2 found a slightly better answer. By generation 100, run 1
achieved a pressure increase of 0.207 Pa and run 2 achieved a pressure increase of 0.228 Pa. For
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Fig. 10. Streamlines with optimized applied magnetic field.
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Fig. 11. Streamlines with no applied magnetic field.
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Fig. 12. Streamlines for applied magnetic field that surpresses vortices.

comparison, the diffuser without an applied magnetic field achieved a pressure increase of 0.05 Pa.
Fig. 10 shows the streamlines for the diffuser with the optimized applied magnetic field. For
comparison, Fig. 11 shows the streamlines for the diffuser with no applied magnetic field.

We would also like to point out that it is not difficult to design by hand a magnetic field that will
completely suppress the vortices. Streamlines for such a configuration is shown in Fig. 12. One
would think that this would result in a large pressure increase but, in fact, the pressure drops
dramatically as shown in Fig. 13. The distributed magnetic field that will surpress the vortices is so
strong (approximately 2.0 T in this case) that it exerts a braking effect on the fluid similar to what
occurs in Poiseuille-Hartmann flow. The pressure drop due to the magnetic braking far outweighs
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Fig. 13. Static pressure contours for applied magnetic field that surpresses vortices.

the pressure increase due to the surpression of the vortices. This demonstrates why optimization is
critical for finding improvements in design situations that include complex interactions among
multiple physics.

5. Conclusion

A MHD simulation code has been developed based on the LSFEM. It shows excellent
agreement with known analytic solutions for Poiseuille-Hartmann flow. The MHD simulation
was coupled to a micro-GA code for the optimization of magnetic field strength and distribution
on the walls of a given diffuser. Two simultaneous optimization runs were made successfully on
a commodity component based parallel computer. The GA optimizer was able to design a mag-
netic field that when applied to the wall of the diffuser increased the static pressure rise. The
pressure was increased by more than a factor of four compared to a diffuser with no applied
magnetic field. These results show that GA’s coupled together with LSFEM and parallel com-
puters are capable of performing optimization involving different disciplines in a timely manner.
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