
Proceedings of the ENCIT 2014
Copyright c© 2014 by ABCM

15th Brazilian Congress of Thermal Sciences and Engineering
November 10-13, 2014, Belém, PA, Brazil

ESTIMATION OF A POSITION AND TIME DEPENDENT HIGH
MAGNITUDE HEAT FLUX USING THE KALMAN FILTER

César Cunha Pacheco, cesar.pacheco@poli.ufrj.br
Helcio Rangel Barreto Orlande, helcio@mecanica.ufrj.br
Marcelo José Colaço, colaco@mecanica.ufrj.br
PEM/COPPE/UFRJ, Caixa Postal: 68503, Cidade Universitária, Rio de Janeiro, 21941-972

George Stevo Dulikravich, dulikrav@fiu.edu
Department of Mechanical and Materials Engineering, MAIDROC Laboratory, EC3462, Miami, FL 33174, USA

Abstract. This paper shows the results obtained in the estimation of a position and time dependent high magnitude heat

flux in a heat conduction problem. The heat flux is applied in the surface of a thin steel plate and the heat flux is obtained

using transient temperature measurements taken at the opposite surface of the plate. The proposed forward model is

obtained by simplifications of a nonlinear and three dimensional heat conduction problem, which leads to a linear two

dimensional problem, by using the improved lumped approach. The inverse problem is solved by using the Kalman Filter,

which is robust and present excellent agreement with reference values.
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1. NOMENCLATURE

a Length of the plate
b Width of the plate
c Thickness of the plate
C Temperature dependent volumetric heat capacity
C∗ Volumetric heat capacity
F Matrix of evolution of the state
H Matrix of observation
kT Temperature dependent thermal conductivity
k∗T Thermal conductivity
Kn Kalman gain matrix
Pn|n−1 Estimate error prior covariance matrix
Pn Estimate error posterior covariance matrix
Qn Evolution noise covariance matrix
q Heat Flux

Rn Observation noise covariance matrix
t Time
Tc Temperature on the complete model
T Mean temperature on the z direction
v Vector of noise of the observation model
w Vector of noise of the evolution model
x Independent variable
x Vector of states
x̂n|n−1 Prior estimate of the vector of states
x̂n Posterior estimate of the vector of states
y Independent variable
y Vector of observations
z Independent variable

2. INTRODUCTION

Despite the modern and reliable available techniques for measuring temperature and heat flux, some particular scenar-
ios are still challenging. Situations involving complex geometries or hazardous environments make direct measurement
of these quantities impractical (Dennis and Dulikravich, 2001). Thus, estimation of these unknowns using temperature
and/or heat flux measurements taken in other regions of the body of interest should be considered as a possible solution.

Situations of this type become increasingly common, due to the recent development of powerful microprocessors,
which dissipates high amounts of heat. As a result of this recently new scenario, new methodologies for proper quantifi-
cation and dealing with such thermal loads are desired and have become focus of research. Some results on the estimation
of a high magnitude boundary heat flux in a heat conduction problem can be found in the literature (Afrin et al., 2013;
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Orlande et al., 2013; Feng et al., 2011; Dennis and Dulikravich, 2001). All of them emphasize the difficulties of solving
the inverse problem using an accurate model, which would be a three dimensional and nonlinear heat conduction problem
in the proposed case, thus limiting the range of techniques available and/or resulting in unfeasible computational times.

In this work, instead of the very accurate but computationally costly model, a reduced and linear model is proposed,
based on simplifications of the first one, which eliminates the nonlinearities and allows the reduction of the number
of dimensions from three to two. The accuracy of this model is enhanced by approximating the temperature gradients
across the thickness of the plate using the Improved Lumped System Analysis (Cotta and Mikhailov, 1997). Also, the
uncertainties of this model and of the observation noise are modeled as Gaussian, with zero mean and known covariance
matrices. This set of hypothesis allows one to solve the inverse problem using the Kalman Filter (Kalman, 1960; Chen,
2003; Kaipio and Somersalo, 2004; Grewal and Andrews, 2008). This technique requires much less computational effort
in comparison with techniques such as particle filters.

3. FORWARD PROBLEM

3.1 Physical Model

The proposed problem involves the heating of the surface of a square flat plate by a high magnitude heat flux applied
on a small region in comparison with the surface area. Figure 1 shows a schematic drawing of the proposed problem,
where the heat flux is applied to the z = c surface. Additional hypothesis considering all the other boundaries as thermally
insulated and temperature dependent thermal properties are made. The plate has thickness of 3mm and 12cm of length
and height.

Figure 1: Physical Model of Proposed Problem

3.2 Complete Model

The mathematical model used for the physical problem is the heat conduction equation (Ozisik, 1993), leading to the
partial differential problem given by Eq. (1) and Eqs. (2a)- (2e).
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Tc = T0 at t = 0 (2e)
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The temperature dependent thermal properties are given by Eqs. (3a)- (3b) (Orlande et al., 2013).

C(T ) = 1324.75T + 3557900 [J/m3K] (3a)

kT (T ) = 12.45 + 0.014T + 2.517× 10−6T 2 [W/mK] (3b)

3.3 Mathematical Model

As expected, the computational cost to solve this direct problem is very time-consuming, when considering an inverse
analysis. This imposes limitations, for example, on the use of MCMC methods, where the number of states of the Markov
Chain that can be obtained in a feasible time is small (Orlande et al., 2013). One way to deal with this problem is to use
model reduction or surrogate techniques. Therefore, it is proposed a model, called Reduced Model, which is obtained in
three steps. The first one aims to linearize the problem, by modeling constant thermophysical properties, according with
Eqs. (4a)- (4b), where Eqs. (3a)- (3b) are evaluated at a reference temperature considered in this work as T ∗ = 600K.

C∗ = C(T ∗) (4a)

k∗T = kT (T
∗) (4b)

The second step aims to reduce the number of dimensions of the problem, evaluating the mean temperature in the z
direction, in the same sense of the operation described in Eq. (5).

T (x, y, t) =
1

c

∫ c

0

Tc(x, y, z, t)dz (5)

Applying Eq. (5) to the linearized version of Eq. (1) and using the linearized versions of Eqs. (2c)- (2d), integration of
the diffusive term in the z direction leads to the source term presented in Eq. (6). In the x and y directions, this process is
straightforward.
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The result of these two first steps is a linear two dimensional heat conduction problem, and presented by Eq. (7) and
Eqs. (8a)- (8c).
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∂T

∂x
= 0 at x = 0 and x = a (8a)

∂T

∂y
= 0 at y = 0 and y = b (8b)

T = T0 in t = 0 (8c)

It is straightforward to notice that solving this model implies in a much lower computational cost, turning it into a good
candidate for the Forward Model. However, there is one matter yet to consider, once that the solution of this partial
differential equation is the mean temperature at the z-direction, while the observations that feed the inverse analysis are the
temperature measurements taken at the z = 0 surface. A proper relation between those two quantities must be proposed in
order to correctly model the physical process. The simpler approach would be to neglect the temperature gradients in the
z-direction and to consider these two temperatures as equal (Classical Lumped System Analysis) (Cotta and Mikhailov,
1997). However, considering the physical nature of the problem, it is expected that these gradients play a fundamental role
in the heat conduction process and it should, somehow, be present in the model. The proposed approach in this work is to
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use the Hermite’s Formulae for integrals, described in a general manner by Eqs. (9a) and (9b), to approximate the mean
temperature at the z-direction and the integral of the temperature gradient at the z-direction, respectively. Approaches of
this kind, where the temperature gradients are not neglected, but somehow accounted for in an approximate manner are
often presented with the name of "Improved Lumped System Analysis" (Cotta and Mikhailov, 1997).
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The result of this process is presented by Eqs. (10a) and (10b).
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Combining this result with the linearized boundary conditions at the z-direction, it is obtained the approximations for
the temperature profile at both surfaces of the plate, described in Eqs. (11a) and (11b), in terms of the solution of the
Reduced Model and the Heat Flux. Numerical implementation of this result is straightforward and results closer to the
values obtained in a real situation are expected. For solving the inverse problem, Eq. (11a) was used.

T (x, y, 0, t) = T (x, y, t)− c

6k∗T
q(x, y, t) (11a)

T (x, y, c, t) = T (x, y, t) +
c

3k∗T
q(x, y, t) (11b)

4. INVERSE PROBLEM

By proposing a model for solving the inverse problem which allows the use of a linear evolution-observation model, it
is possible to solve the inverse problem by using the Kalman Filter, if the uncertainties of the model are jointly Gaussian
(Chen, 2003). The evolution-observation model used in this work is presented by Eqs. (12a)- (12b), where the vectors w
and v are Gaussian noise vectors, with zero mean and covariance matrices Q and R, respectively. The matrices F and
H accounts for the evolution of the state variables and observations and its modeling its deeply linked to the Forward
Problem. To build this matrices, a solution of the Forward Problem using the Explicit Scheme of the Finite Volume
Method (Versteeg and Malalasekera, 1995) was used.

xn = Fnxn−1 +wn−1 (12a)

yn = Hnxn + vn (12b)

Characterization of the posterior pdf (which is also Gaussian) happens when its mean and covariance matrix are properly
identified (Chen, 2003). This is done in two steps, called Prediction and Update, represented by Eqs. (13a)- (13b) and
Eqs. (14a)- (14c), respectively. It is possible to use the covariance matrix of the estimate error Pn to build confidence
intervals, obtaining results that are coherent with the statistical approach of the problem.

Prediction

x̂n|n−1 = Fnx̂n−1 (13a)

Pn|n−1 = FnPn−1F
T
n +Qn (13b)
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Update

Kn = Pn|n−1H
T
n

(
HnPn|n−1H

T
n +Rn

)−1
(14a)

x̂n = x̂n|n−1 +Kn

(
yn −Hnx̂n|n−1

)
(14b)

Pn = (I−KnHn)Pn|n−1 (14c)

5. RESULTS

Equation (15) presents the heat flux to be estimated. The value of 107W/m2 for the heat flux magnitude was selected
to be consistent with similar papers found in literature (Orlande et al., 2013; Feng et al., 2011; Afrin et al., 2013).

q(x, y, t) =

 107W/m2, se
3.5cm ≤ x ≤ 4.0cm,

3.5cm ≤ y ≤ 4.0cm,
and t > 0.4s

0, otherwise

(15)

In this work, the experimental measurements were simulated with the reduced model, using a grid with 24× 24 volumes
and time step 10−2s. The inverse problem was solved with the same grid and time step size. Although this characterizes
an inverse crime, it is an important part of the analysis, allowing a proper verification of the computer code. The initial
temperature was considered as 300K . The observation noise was assumed as Gaussian, uncorrelated, with zero mean and
constant standard deviation, σy . In a real situation, these measurements could be obtained with modern infrared cameras,
which presents standard deviations of the order of 0.01◦C (Orlande et al., 2013). For testing the performance of the
Kalman filter, a relatively high value (σy = 1◦C) was selected.

The time behavior of the exact and estimated values of temperature/heat flux in the center of the heated region is shown
in Figs. 2a- 2b. The comparison between the exact and estimated temperatures in the time t = 2.0s is presented in Figs. 3a-
3b, while the same comparison is presented for the heat flux in Figs. 4a- 4b. It is noticeable that an excellent agreement

(a) (b)
Figure 2: Evolution in time of the estimates of (a) Temperature and (b) Heat Flux in (x, y) = (3.25cm, 3.25cm).

between the exact/experimental and the estimated values was achieved, both for the increasing of the temperature and for
the identification of the new level of heat flux, which is done almost immediately. Furthermore, one can observe that,
outside the heated region, the estimated temperature and heat flux presents values close to the initial temperature and
of zero heat flux, giving additional indicators of consistency of the obtained results. An additional analysis can be done
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(a) (b)
Figure 3: Comparison between (a) Exact and (b) Estimated temperatures at the time t = 2.0s.

(a) (b)
Figure 4: Comparison between (a) Exact and (b) Estimated heat fluxes at the time t = 2.0s.

through the residuals. Its evolution in time in shown in Figs. 5a- 5b for different points on the plate and its contour lines are
presented in Figs. 6a- 6b, for different times. Again, it is possible to observe another indicator of the good quality of the
results, returning uncorrelated residuals with the same order of magnitude of the standard deviation of the experimental
measurements, which is one rule of thumb to check if the amplitude of these residuals is acceptable (Ozisik and Orlande,
2000).
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(a) (b)
Figure 5: Evolution in time of the residuals in different positions of the plate.

(a) t = 1.0s (b) t = 2.0s

Figure 6: Values of the residuals at different times.

6. CONCLUSIONS

The Kalman Filter present estimates with excellent agreement with the reference values, showing that this technique
is able to accurately recover the information about all the unknowns of the problem.
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