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In this article, the modified Noether’s theorem is established in general form.
Then, the inverse theorem is used in nonlinear micropolar continua in order to
derive one-parameter family of transformations under which the corresponding
functional is invariant. Next, the conservation laws are written. They include, as a
special case, the conservation laws of micropolar elastostatics, the balance laws of
elastodynamics and elastostatics. We do not analyse any of these special cases,
because they may be obtained very easily.

Keywords: inverse Noether’s theorem; nonlinear micropolar continua; family of
transformations; conservation laws
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1. Introduction

In a paper by Knowles and Sternberg [1], it was shown that the conservation law, known
as J-integral, that is,

JG)=e- /(Wn — Vx'T)dsS, (1)
G

(where G denotes any smooth non-self intersecting closed surface ‘path of integration
surrounding the crack’, n is the unit outward normal vector on G, e is unit vector in the
direction of the crack propagation, T is stress tensor, W is the strain-energy density at the
point x; generally by ‘’, V and T we shall denote the inner product, gradient and
transpose, respectively, of corresponding quantities), follows from an application of
Noether’s theorem [1] on invariant variational principles to the principle of minimum
potential energy in elastostatics. Roughly speaking, Nocther’s theorem states that if a
given set of differential equations can be identified as the Euler-Lagrange equations
corresponding to a variational principle which remains invariant under an n-parameter
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2 J.P. Jari¢ et al.

group of infinitesimal transformations, then there exists an associated set of 7 conservation
laws satisfied by all solutions of the original differential equations. Moreover, this
procedure yields two additional conservation laws stated in their Theorem 4.1.

Let D be a domain in E and let [u, y, o) be a finite elastic state on D, corresponding to the
elastic potential T'. Let W be the strain-energy density associated with T. Then, for every
surface S, with the outward unit normal vector n, that is the boundary of a regular subregion
on D,

/ (Wi, — sj)da = 0 )

S

where s is Piola traction vector on S defined by s;=o;n; on S. If [u, y, o] is isotropic, then
also

/ e (Wxin; + sju — syup,x)da = 0. )
S

Here, u, y and o represent displacement field, its associated infinitesimal strain and
stress field, respectively; e;; is the permutation symbol.

Knowles and Sternberg [1] also stated:

The completeness issue associated with the two conservation laws supplied by Theorem 4.1
appears to be more complicated then the analogous question in the linearized theory, which is
answered by (their) Theorem 3.2.

Noether’s theorem on variational principles invariant under a group of infinitesimal
transformations was used also by Fletcher [2] to obtain a class of conservation laws
associated with linear elastodynamics. These laws represent dynamical generalizations of
path-independent integrals in elastodynamics. It is shown that the conservation laws
obtained are the only ones obtainable by Noether’s theorem from invariance under a
reasonably general group of infinitesimal transformations.

In the mechanics of micropolar continua, this procedure was first used in [3]. In both
papers, [2] and [3], the completeness of their results was established under certain
conditions. It was done by the use of inverse Noether’s theorem by which they were able to
find a group of infinitesimal transformations. The procedures to find this group in those
two papers are completely different. From the mathematical point of view, it is a real
challenge and a more important part of Noether’s theorem. In Fletcher’s case it reads:

Suppose an elastic material under consideration is isotropic, and let the Lagrangian be given as

L[w] = / / L(Vw, w)dx dt (4)
0 D

where D is a bounded regular region in Ez, and where

L= 2 Ciik Wi Wit — le&ﬁﬂi’,«, ®))
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Inverse Problems in Science and Engineering 3

cijkl IS elasticity tensor and o is mass density. Then, L[W] is infinitesimally invariant at w under
transformations of the form

é* = CD(%" W(é), 8)7 W* = "Ij(sa W(S), ‘9)’ E = (xla X2, X3, t) (6)

for every w satisfying the Euler-Lagrange equations of motion for every D if and only if ®

and WV satisfy
D&, w(E); ) =& +ep() +ole), WEWE)e) =w+ey(§, W)+ o(e), (7)
as € — 0, where the components of ¢ and r are given by

@ = vXi + EjkbiXg, s =i+,
Vi = —vw; + gibjwi + eiraiXi + d;, @®)

and v, ¢, b;, a; and d; are arbitrary constants.

Note that dot over a quantity denotes time derivative.

We remark that the ‘infinitesimal part’ of the transformation &— &*, w— w* is
determined by the above transformations. This is all that is required for the corresponding
conservation laws. In this way, we are able to see that six conservation laws are also valid
in finite elasticity. Moreover, these conservation laws contain the principle of equivalence
between conservation and invariance stated by Toupin [4] as:

Linear momentum, angular momentum, and energy are conserved in perfectly elastic medium
if and only if the action density L is invariant under the group of Euclidean displacements.

Toupin did not use inverse Noether’s theorem to derive the group of Euclidean
displacements, but postulated them. Therefore, two important problems are left for the
investigation:

(i) How to extend the use of Noether’s theorem, and more important by the inverse
Noether’s theorem to a very general class of non-linear micropolar continuum,
and

(i) How to show that the completeness issue associated with the conservation laws we
derived making use of inverse Noether’s theorem, is not more complicated than
the analogous question in the linear theory.

These topics will be the main purpose of this article.

This article is structured as follows: In Section 2, the notation to be used in the
remainder and mathematical preliminaries of this article are introduced. In Section 3, the
version of Noether’s theorem appropriate for present purposes is stated. Section 4 contains
a brief review of nonlinear micropolar continuum. Section 5 contains the principal results
of inverse Noether’s theorem that we discussed. The proof of the theorem is original. This
theorem provides us with the generators of group of infinitesimal transformations. Then,
in Section 6, the completeness of conservation laws is established. The conclusion is
followed by the appendices. We point out the importance of Appendix C.

2. Mathematical preliminaries

Let &,, «=1,2,...,n be rectangular Cartesian coordinates in n-dimensional Euclidean
space E,, and let R be a bounded, closed regular region in E,. With &(&,), we denote a
point in RCE,. Let ¥ = (‘f;),(a =1,2,...,k), be a set of tensor fields, defined and
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differentiable on R. Given the point {(§,) C Rand ¥ C C?, define a one-parameter 7 family
of transformations (&, ¥(&)) = (&, ¥(&)) as

E=CE Y., Y ="PEYE. )

For n=0 these transformations are required to reduce to the identity

g, =6 Y| =Y (10)

Hence, the infinitesimal transformations corresponding to (9) are given by

E= &+ on+ O, <pd=ef<§—f’) :
=0 (11)

. v
¥Y=¥+0n+0>n), OF (—)
an =0

We shall distinguish the partial derivative o def (%) = (0,) from the total derivative
deef(,a) with respect to & Also, by D = V& = ‘ :%

of transformation ‘¢ = & and its determinant, respectively. From (11);, we obtain

and D =det D we denote the Jacobian

D =1+ (Vo)n + O®p). (12)
Then
Dy =1, (13)

and, since

d d _- -d _-
d7;D =Tr [(%ED)dn(Vf)} = DTr[(Vf)dn(Vi)}

DT [plv(df)}, (14)
dn

where D! is inverse matrix of matrix D, then

d
- D —V.o. 15
& )n_o 0 (15)
The following sets
Y = (¥, VE)(Q), (16)
dy = (O, dve)(E) (17)

will be used in the sequel.
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Inverse Problems in Science and Engineering 5

3. Restricted version of Noether’s theorem

Suppose that a real function L(£,Y) is defined and differentiable for all values of its
arguments. Now, let A be the functional defined by

aew = [Levds (18)
R
Definition
(a) The functional A is said to be invariant at ¥ under one-parameter family of
transformations (9) if

/ LEY)dE= / L(EY) dé (19)
R R

for all sufficiently small values of 7.
(b) If, for a given value ¥,

| frena) <o 20)
dn

R n=0
then A is said to be infinitesimally invariant at .

Evidently, if A is invariant at ¥, then A is infinitesimally invariant at ¥. On the basis
of the introduced notations, it is possible to state a restricted version of Noether’s theorem,
as follows:

TueoreM 3.1 If' ¥ satisfies the Euler-Lagrange equations
V-oywL — oyl =0 (21)

then A is an infinitesimally invariant at ¥ under transformations (9) iff ¥ defined in R, too,
satisfies

V- {Lo+ @ DI® — (¢ - V)¥]} = 0. (22)
If OR is the boundary of R, and if its unit outward normal vector is N, then (22) can be written
in the form
f{L(p + (Oyy L)[® — (¢ - V)‘l‘]} -NdS =0. (23)
R
Proof First, by V- dyy we denote the composition with respect to V, that is

()
MW,

V. oyy = < ) obviously (¢ -V)¥ =¥ 4¢,. (24)
We are going to prove the part ‘if” of the theorem. Then (20) holds. It may be written in
an equivalent form

d o
3 / LEY)DdE| =0, 25)

R =0



XML Template (2012)

[26.3.2012-7:19pm] [1-21]

1/BImas1/Journals/application/tandf/GIPE/GIPE_A_668673.3d (GIPE) [PREPRINTER stage]

130

135

140

6 J.P. Jari¢ et al.

from which we obtain, in view of (13) and (19),

Py e+ @D 0| 0 6)
dn dn =0
or
d - -
@L(f’ Y),—o + LEY)V -9 =0. (27)
However,
iL(E Y), o= [a-L(& Y) ié] +[3-L(é Y) iY]
dp = =0 gHes dn®], y LS, dn ]
d -
—4LEY) o+ n 1@y (5V) (8)
n =0
Now,
<ii> - (i\i', in) =[¥, V¥ — (Vo)VV¥], (29)
dn J,oo \dn ~dpn =0
since
d - d SN
—Y¥ =1—[(V¥)D™'] = V¥ — (Vo)V¥ (30)
d)’] n=0 dn n=0
because D;:lo =1 and (dQD‘l) = —V.¢ in view of (13). It is instructive to write

n =
(Ve)VY¥ in more explicit form (zwhich is also useful to clarify the notation), i.e. in the
from (Vo)V¥ = (Y ppp.)- Also,

V-(Lo)=(VL)- ¢+ LV -9 =0:L-¢+¢ (V)AL +LV- ¢

=0:L- ¢+ (p-V)Y -O0yL+ LV -0, (31)
so that
d -
V- (Lo)+ [(—Y) - vw} L
dn /-
=V-(Lo)+ oL - [®— (¢ V)¥]+ dvwL - V[® — (¢ - V)¥], (32)
or
{Lo + Ovw D)[® — (¢ - V)¥]} + (dwL — V- dyw L)[® — (¢ - V)¥] = 0. (33)
From this expression we obtain (22) taking into account (21). [

Remark 1 The part ‘only if’ of the theorem is known as the inverse Noether’s theorem
and depends on the form of conservation laws. This will be considered in the case of
micropolar continua.
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Remark 2 Tt may happen that there exist some fields, say o = (‘f), t=1,2,...,7, under
145 which
Atto) = [LEVE Y= (0. V. Vo)), (34)
R

is infinitesimally invariant, but otherwise does not satisfy Euler-Lagrange equations. Then,
we shall speak of one-parameter family of transformations

T’? : (65 lPa (,O) = (Es li” (D)a

and, in addition to (11) (depending now also on ®), we shall have

_ do
o=0++00"), ¢= <d—) : (35)
N/ =0

If this is the case (33) has to be modified
V- {Lo + @ve L)[® — (¢ - VI¥] + (Bvu L) — (¢ - V)o]}
+ Oy L =V - dyw L)[® — (¢ - V)¥] + (3L — V- OveL)[s — (¢ - V)] = 0.  (36)
150 Then, we may state the modified Noether’s theorem, as follows:

THeorREM 3.2 If'¥ satisfies the Euler-Lagrange equations (21) then A, defined by (34), is
infinitesimally invariant at (Y, ®) under extended transformations (11) and (35) if (¥, o)
defined in R satisfies also

V(Lo + vy L)I® — (¢ - V)¥] + (dvuL)ls — (¢ - V)
+ (3oL — V- dvuL)[g — (¢ - V)] = 0. (37)

If OR is the boundary of R, and if its unit outward normal is n, then (37) can be written as
155 follows

/ (Lo + (e L)® — (¢ - VI¥] + (dvoD)ls — (¢ - Vo] }ndS
R

+ / (3oL — V- dvoL)[c — (@ - V)o]dV = 0. (38)
R

Proof The proof of the theorem is straightforward. For further references, we shall write
(36) in the following form

0L - @+ LV -+ 0yl -®+0,L-¢

+ dveL - [V® — (Vo)V¥] + dvo L - [Vg — (Vo) Vo] = 0, (39)
or
oL
& Pa + L(/)a,vt + a‘l‘L : (I)awL S
08y
+ 8‘l‘,aL : ((D,a - lP,/fK Qoﬁ,a) + 8w‘,1L : (G,a — g Qoﬁ,a) =0. (40)

This expression represents the starting point of the inverse Noether’s theorem.
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As an important example in considering the part of inverse Noether’s theorem we shall
deal with the micropolar continua. The advantage of micropolar continua and main
difference between it and classical continua is given below.

4. Micropolar elastic continuum

Classical continuum theories assume that stress at a material point is dependent on, for
example, temperature, strain, strain rate and strain history at the same point. Due to the
lack of information on neighbouring material points, these models are called local.
However, when the microscopic and macroscopic length scales are comparable, the
assumption is questionable as the material behavior at a point is influenced by the
deformation of neighbouring points. To incorporate the scale of the microstructure of a
heterogeneous material within the continuum framework, a number of phenomenological
remedies have been proposed that involve the relaxation of the local action hypothesis of
classical continuum mechanics.

In the micropolar or ‘Cosserat’ continuum models, independent rotational degrees of
freedom are introduced at the point of the continuum in addition to the displacement field.
In this manner, curvatures and couple stresses account for the effect of neighbouring
material points. The general theory of simple micropolar-elastic solids has been
formulated by Eringen and Suhubi [5]. Here, we recall certain results from the theory of
finitely deformed homogeneous and isotropic elastic solids in the absence of body forces
and body couples, we are going to use.

The space of events is E5. For the sake of generality, here we use the spatial x* and the
material coordinates X%, respectively, whereby all quantities are expressed as functions of
X* and time .

The motion of micropolar continuum is described by

XK :xk(XK, t), (41)

Xk]( = XkK(XK’ t)a (42)

where orthogonal tensor x* x — 1s microrotation tensor.
The material forms of the balance laws of momentum, moment of momentum and
energy are, respectively,

TKk;K _ Qoxk, (43)
M (MFE L — S5 ) xmk = 006", (44)
—00é + TR o+ SK A+ MM 3, =0, (45)

where o, — mass density in the reference configuration, 75 — stress tensor, MXL, — couple
stress tensor, ¢ — internal energy density, ok - spin density, €., — permutation symbol, and

1
SKk _ TL[xk;LX[K + E EklmMLIXMK;La (46)
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MU = kKL e MEL, = % exm MU K, (47)
o =M Tk =jux k' T =T A L (48)
v = _%Sk/m Vv = Xk xS ek x kX X" = ek (49)
195 The constitutive equations of micropolar elastic material are [5]
T =0y aj—,fK (50)
S5, = ;’Xi (51)
M5 = Qoaxa—,f. (52)

KL

5. The inverse Noether’s theorem
200 It is easy to see that (43) can be written as

) ..
( a ) — 0¥ =0, (53)
ox* . g
N K
where ¥ = gpe.

Further on, for the sake of simplicity and clarity, we shall use Cartesian coordinates.
Then, we may write ey, instead of g, Also, if we state

K K=
oo pzgo
we may write concisely
(Xka) = (Xk.K> Xk), (55)
20 (k) = (ks 1), (56)
Let
L=%— %Qoxkxk - %onk/vkvl. (57)

So defined function L dependents on the set of variables (X 4, Xik> Xkk.o)s 1-€. L= L(Xf 45
Xkk> XkKo)- Lhen, g—L = 0. With this definition of function L, (53) can be written more

elegantly and simplyaas Euler-Lagrange equations

( oL ) =0. (58)
Bxk;a ‘a
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Generally, this is not true for the balance laws of moment of momentum (44) and
energy (45), i.e. they can not be written in the form of Euler-Lagrange equations. This
suggests that we should try to apply modified Noether’s theorem in order to find the
family of transformations under which functional (34) defined by function (57) should be
invariant. If so, we have to deal with (40). Then, the following identifications are necessary

¥ =x(xp), V¥ =VX(Xka), ©=10uk), Vo =Vei(Xike) (59)

in view of which (40) becomes

Ly + oL (@ )+ oL g
P koo — Xk o o Sk
@a,a axk;oz . o (pﬁ’ 8Xkl( K
oL
o« — =0. 60
e (é“kK, XkK.p (pﬁ,a) (60)

From this equation, under certain conditions we are going to impose, we shall try to find
the generators of infinitesimal transformations ¢,, @, {ix- In fact, these conditions are
imposed by the principle of material objectivity, which must be satisfied by all material,
and the principle of material invariance [6]. Because of this, the functional form of the
internal energy e or function X cannot be arbitrary. More precisely, if we impose the
condition that the form of ¥ must satisfy material objectivity, but otherwise remains
arbitrary, we must have

X )Y
Ekim <8 X1k + X Xik.M + XkM,L) =0. (61)
Xk,K

K +
XK OXkK,M OXkM,K

If the material is initially isotropic, according to the principle of material invariance, & or
function X, in addition to (61), must satisfy the conditions

X 0= X =
EKLN Xp, + XkK + Xk + ximr | = 0. (62)
Xk OXkK OXkK,M OXkM K

These two set of conditions are of great importance in deriving the appropriate family of
transformations under which the functional A is invariant. We proceed to find their
generators explicitly.

We state explicitly, for simple homogeneous micropolar-elastic solids in the absence of
body forces and body couples, the following

TueorREM 5.1  The functional A, given by (34) for L defined by (57), is infinitesimally
invariant at (x, )(&) if

o = exrm XAy + Ck,
Pq = 4,

(63)
D = X ay + i,

;kK = Ekim XIK Am

where A, Ak, Cx, ai and ¢, are arbitrary constants.
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Proof  The proof is based on Lagrange multipliers method. We start with (60), i.e. with
oL oL

L Oy g — : —(dx — ,
Py T 3Xk,1<( kK — Xk, Pp; K) + iR ( k — Xk.p Qﬂﬂ)
JL oL oL .
O kA= (Ger — % Gk — tkpdr) =0. (64
+ ik Sk, + " (Ckr.L — xikpo.r) + Sk (Skx — Xkk.p PL) (64)

From (57) we calculate

oL 0x oL oL X

- 5 = x\'a = : 65
Oxp g  Oxpx  OX Qo OXkk,L  OXkK.L (63)
235  However,
OL 08 L By g L L By )
Oxkk  Oxkx 277 OXkk XKk 277 Oxkk
After some lengthy calculations (Appendix A) we find that
pgVpV, .
% = 0p (XpKVk + XkKVp) = Up(2XpKVk - SprerK) (67)
and
pgVpV,
ﬁ = EprkOp XrK- (68)
Then
oL ax 1 aL 1
— — 000, d —=—— - K- 69
anK BXkK 2 QOU/ (kal)k + Xkap) an anK 2 90817 kOFX K ( )

Hence, in the view of (61) and (62), (64) can be written in the form

0x E .
Loyats— (Prkx — Xk k) — 00Xk (Pr — Xk Pp)
Xk, K
X 1 .
e - 5800}7 (2XpKVk — Eprk XrK) 149
)Y

1 . .
e < — = 00€prkOp Xr K —
kL (Q{K,L XkK.B ‘Pﬁ,L) 3 Qoépri pX;K(C/K XKkK.p (p/g)

0x X )Y
— bn&rim\ —— X1k + — xik + XIK.L
Xk K Xk OXkK,L

X
XK, M

) =
— ANéegIn L+ XkL + XkLm +

>
x;, XkM,L) =0 (70
Xy k OXkK K

d
Xk,

240  where A,, and A,,; are Lagrange multipliers and generally may depend on the set of

variable (Xi x, XkK> Xkk.L)-
Now we come to the main point of our work. We postulate that (70) must be satisfied

for arbitrary

X 0z X
T Oxkk” Oxkk OXkkL

(71)
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As a consequence of this postulate, it follows that the coefficients of these quantities in (70)

245  must be zero. Thus,

2 @u =0,
0x
D Dk — Xip Pk~ AmEkim X1k — An ek X =0,
BX/(’K
X
D Ckk — lm Ekim XIK — ANeEkIN Xkl = 0’
aX/\’K
0x ; l
- SkKL T — &
8XkK,L kKL XkK.p q)ﬂaL m €kim XIK,L

— A ekmn Ximr — A ermn Xixm = 0,

and (70) reduces to

o . 1 .
Xk (P — xup 9p) + EUp(2XpKVk — Eprk XrK) XKK

1 . .
+ Eaprkopxrk(ack — XkK.B ‘Pﬁ) =0.

250 Next, we write explicitly expressions for ¢, g, ®; 4, {xx e 1.€.

00y | 0Py 0y
=" Xk, p + 7 XkK.p>
9001,}9 85;3 axk B anK XkK.B

® 0D, n Loy + D,
= — — X, — X/
L 05 Oxy o OxkK Xik.p
0k | Okk 0k
Ckk,p = %, + oxe Xip + oL XIL.B-

We require that (72)—(76) hold for any value of x; g, xix g
(1) Then it results from (72) that

b _o 0
agot ’ BXkK

=0, ie. ¢, =,5p)

255  so that

0P,
3_&_0.

(2) From (74) we have trivially
Ckk = bn€kim Xik + ANEKLN XkL-

(3) Equation (76) gives two equations

Sk (Pk — xipgp) = 0,

(72)

(73)

(74)

(75)

(76)

(77)

(78)

(79)

(80)

(81)

(82)

(83)
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0 (2xpk Vi — Eprkc Xrk) Sk + EprkOp Xok (Skx — Xick,p 98) = 0. (34)

260 We write (83) as

(0D 0D . 0D . , .
X\ &+ X+ Xik — Xk 9k — Xipa | = 0. 35)
a - ox Xk

From this, we obtain that

ok = 0=k = gx(X1), (86)
in the view of (82). Also
0Dy 0Dy
=0, — =0, 87
o D &0
and
0D dgy
— s 88
B = a0 (88)

where () designates the symmetrization of the indices k& and /.
265 We shall analyse (84) later.
(4) We proceed with (73), i.e. with

ad>k 3CI>kx + 3 k x fC 8(04
e | oxg LK L XILK kLPL.K ki Xy
— b &kimX1x — AnekLnXrL = 0, (89)
which reduces to
00, 0D, .0
e 8—x]>€/,1< — Xk,L®L Kk — Xk % — bn€rimXix — ANexkinXkr = 0. (90)
Because of (87), from the above equations, it follows that:
Lo
— S =0=P, = 91
Xk = oy K(X1), On
0,
—=0 = (1 92
T = 0= 0 = 0ul0). ©2)
270 and
0D,
(8—x, - 1m€k/m>xl,1< — (¢r.x + Anexin) Xk = 0. (93)
But, this is equivalent to
L8
— — I &kim — (0.5 + AnexkLN) XL XK1 = 0, %94)

0x, /
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from which we obtain

oD
W](f — b &kim — (0p.x + A ekin) Xk axi.L = 0. 95)
Substituting (88) into it, we get
04 s A X =0 9
T (‘PL,K + NSKLN) K(XK),L = U, (96)
from which we obtain
0
B4 0=y = A 97)
ot
But, then (88) reads
0P
“r_yp (98)
3)(1)
from which we have
Q) = EkimXim + Cks 99)
where a,, and ¢, are arbitrary constants. From (99) and (93) we get
(am - lm)8k1n1x/,l( - (goL,K + ANSKLN)xk,L - Oa (100)
and from this
ok = 0= 9 = extmXrAm + Ck, (101)

where A and Cg are arbitrary constants. Then, in view of this, the above equations can be
written as

(am — bn)ekmxix = (AN — AN)ekLNXkL = 0, (102)
and obviously this is satisfied if
Im =an and Ay = Ay. (103)
(5) Now, we pass our investigation to (75), i.e. to

0k | Wk - Ok s — .
aX; ax; LK Ot IM,L kK.MP ML kK941,

—InErimXik,L — ANEkMN Xm,.L — ANeLmnXkkm = 0, (104)
which is reduced to
ke
5 XML = XKKMPM.L — InEkim XiK.L
Xim
— Anexmnxkm,r — Averunxcgm =0, (105)
since
0k 0k
Kk _ o Fk _ 106
X, Xy (106)

and ¢4, =0 due to (97). This residual equality is identity in view of (82) and (101).
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Therefore, the only condition which is left for the investigation is (84). It reduces to
Op[(2XpKVk - Sprk)'(rK)CkK + 8prerK§:kK] =0 (107)

by means of (101). After very lengthy calculations (Appendix B), making use of the
previous results, we are able to write it as

Apopxpm =0, (108)
so that
Ayo, =0 (109)
must hold. Thus, 4,;,=0 and
Ckk = bn€kim XIK- (110)

Remark 1 The condition Ayo,x,u =0 is obviously satisfied when x, =0=
up,=0=0,=0. Then, we have to modify our theorem, i.e. in this case

{ o = exmXrAu + Ck,

Pq = A,
(111)
D = SpmXiam + Ck

Ckk = AmEkim XiK + AMEKLM XKL

since there is no restriction on the value of A4,,, Moreover, L satisfies Euler-Lagrange
equations which are nothing else but (44) (Appendix C).

6. Conservation laws

Now, we proceed to write the integral form of the conservation law (38) of micropolar
continuum in the absence of external body force density and external body couple density
having in mind that (&,) = (X,,,, ?) and L is defined by (57). The other quantities we have to
use are given by (59). Further, it is convenient to write (63) in the form

_[f=XAA+C,
¢_{%:A’ (112)
O=xAa+c (113)
{=xAra (114)
We shall use (36) for further reference. Then,
d
i [ {Lo+ 0Li® — (- D1+ 8~ (0 pl}aY
V
+/nmm%mwn4¢Wﬂ+%mﬁw%wvwwN®
S
+ J16.L = V-t - 0 VKNV =0 (115)

V
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where Grad denotes a gradient with respect to Xg. In component form it reads

d )

<

di [ T
4

d
L(®k — Xpaty) + TL(CkK - ka,a%)}dV
XkK

d
+ f|:LfK + ™ KL(CDk — Xka¥q) + L(&r — XkL,a¢a)]NKdS

Xk

oL oL
+/ ——( ) (Chx — tr.a0a) |dV = 0. (116)
) dxrk  \Oxkk/ g

In the view of the expressions for stress and couple stress tensors, this may be written as

d

. 1
o f [L<p4 — 00%k(Pk — Xkaa) — igogprkap)(rk(gkk - ka,a%)}dV
V

+ /[LfK + Tiae(Pr — Xka®o) + Mg (Skr — XkLag,) |NkdS

s
~ [lewpmn(eus = a0V =0. (117)
4
305  since
B L — (8Xk1<.aL),a= —00%pVp XkK (118)
(Appendix C). This may be further simplified to
d ) 1
a/ Lo, — Qoxk(cpk - Xk,a%) - EQ()SprkO—pXrK(CkK - XkK,oz(pa) dv
4
+ /[LfK + Tii(Pr — Xka®o) + Mrgic(Ckr — XkLag,)[NxkdS =0, (119)

N

taking into account that xxxixe=0 and xxxlix =0 (Appendix B).
By taking all of the arbitrary constants a, ¢, A, 4, C in (112)—(114) to be zero except
one, in turn, we obtain the corresponding conservation law. There are five transformations
310  under which the corresponding functional A is infinitesimally invariant.

6.1. Spatial invariance

(I) Under translation
®=c, ¢=0 (=0 (120

gives balance of momentum

d
EfQOX](dVZ fTKkNKdS- (121)
14 N
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315 (IT) Under rotation
®=xAra, (=yxAra =0

gives balance of moment of momentum

d
ds /Qo(gklmxlxm + Gk)dV /(8/<lmxlTKm + MK/()NKdS-

vV

6.2. Shift of time
Conditions

=4, f=0, ®=0, (=0

give the balance of energy

d 1
a /(L + 00Xk Xk + 5 3 QogprAGpXiKX/xK)d V

= /(Tkkfck + M ki xkr)NkdS.

17

(122)

(123)

(124)

(125)

320  However, by virtue of Appendix A and definition of Mgy, this expression reduces to

d 1 1
dt/Q0(8+ XiXe + = Okvk>dV /(TKAV + M v )NkdS.

2 2

6.3. Material invariance

(I) Under translation (homogeneous material)
f=C, ¢,=0, ®=0, (=0
325  gives conservation of linear material momentum

d 1
dl Qo xkka+28p1/€GpX)KXICKL dv

+ / (L — Trixk, — Mugixin,) NxdS = 0.
S

(IT) Under rotation (isotropic material)

Sk =eximXrAm, @©4=0, ®=0, =0

(126)

(127)

(128)

(129)
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we have the following integral

d . 1
T, [fMQo <xkxk,M + 5 SprkffperXkK,M)d V
v
+ / Fur(LSkar — TraXer — Mg Xer.) NkdS = 0, (130)
5

from which we obtain conservation of angular material momentum.

d . 1
a/QOSMPQXP<xkxk,M +§8prkO—pXrKXkK,M>dV
V

+ fSMPQXP(L3KM — TriXksr — Mogi xir.r) NxdS = 0 (131)
s
(IIT) In a special case when
Gk = exkemxkLAns Sk = exemXoAm, ¢4 =0, ® =0, (132)
the function L, given by (57), must be modified, i.e.

1
L=%- oy (133)
Then, the following integral is obtained
i/f XeXpepydV
al MOoXk Xk, M
%
+ /[fM(LSKM — TaXiar — MpgiXirar) + MG [NxdS = 0, (134)
5
or, finally,
d .
a@ 0oempo X pXi Xk pdV
%
+ /[8MPQXP(L3KM — TrixXier — Migicxer.m) + Mipxpo |NkdS = 0. (135)
5

7. Conclusion

A rigorous framework for the Noether’s theorem has been presented. This framework is
sufficiently general to be applied for different classes of materials from the view point of
continuum mechanics. We emphasize the importance of the inverse Noether’s theorem in
order to derive family of transformations under which the functional A is invariant. In
fact, once we know the family of transformations under which functional A is invariant, it
is easy to obtain conservation laws. Therefore, the more important and more challenging
part of Noether’s theorem is the inverse Noether’s theorem.
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It is fully demonstrated in the theory of micropolar continuum.

Among six conservation laws so derived, last three of them constitute new material
balance laws in a sense they depend on the family of transformations given in reference
configuration. They include, as a special case, the conservation laws of micropolar
elastostatics, and the balance laws of elastodynamics as well as elastostatics (see [2,7.8]).
We do not analyse any of these special cases because they may be obtained very easily.
These laws find the applications in fracture mechanics.

The application of the inverse Noether’s theorem in micropolar continuum also
clarifies the difference between necessity and sufficiency of Noether’s theorem and the
completeness issue associated with the conservation laws we derived.
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Appendix A
First, from
1 .

Vp = _i(’prerKXkK (Al)
we have

vy 1 .

= — ek XiK- A2

BXkK 2 Cprk XrK ( )

However,

Vil = XkKX[K = —€kimVm (A3)
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and hence
XkK = —CkimVmXIK,
so that
epr/chK = XpKVk — XkKVp-
Thus,
v, 1
= — Vi, — Vy).
k2 (XpK k — XkK p)
Further,
Jog =JpoXxppXeo and  Jpo = jpg XprXq0-
so that
aqu 8XPPX11Q
VoV, = Jpo ———=V,V; = 20, XpK V-
Ak rYq 0 XK rYq P Ap

Now, it is easy to see that

v,

VpgVpVa _ ing Vv, + 20,
OXkk  OXkk XKk
Op (2XpKVk - eprk).(rK) = Up(VpXkK + VkXpK),
which is (67).
Next, from
v, 1
XKk

= - E Cpkr Xrk
we obtain

pgVpVy 2 v,

5 = €prkOp XrK>
XKk T S

which is (68).

Appendix B
We calculate in detail

XrkCkk = Xek(@mEkim X1k + AMEKLM XkL)
= UmEkimXIKXrK + AMEKLM XrK XkL

= AmEkrm + AMerkamM = erkm(AMXmM - am)-

Obviously
XkkSkx =0
and
XrK;kK = el‘/\’ﬂlAMXmM-
Also,

eprerngK = eprkerkmAMXmM = 2AMX[7M-

(A4)

(AS)

(A6)

(AT)

(A8)

(A9)

(A10)

(A1)

(BI)

(B2)

(B3)

(B4)



XML Template (2012)
1/BImas1/Journals/application/tandf/GIPE/GIPE_A_668673.3d (GIPE)

395

400

[26.3.2012-7:19pm] [1-21]
[PREPRINTER stage]

Inverse Problems in Science and Engineering 21
Now,
o[ 2(xpk Vi — Epric Xrk) Sk + Epric Xrk Sk ] = O (B3)
may be written as
Op [2(XpKU/c - 8p/‘erK)§kK + 8[)rerK§:kK] = 07 (B6)
or
Op [2(X11K§kK)Vp + 2AMXpM] =0, (B7)
and finally
AM017XpM =0, (B8)
which is nothing but (108).
Appendix C
We write
8)(kkL (a)(umL) = aXAkL (BXAK,LL) L a L
1 . 1 -
X/(K X - (aX/(I\ZL 2) E Qo0p (2X11Kv17 €prk XI'K) + i 00€prkOp Xrk
3 Z (aX,\K‘,_ E) L+ oeprkUpX;K — 0p0p (XpKVp - epr/c).(rK)
=0y X — (8XkK.L E) L Oeplk(f[)XrK 000p XpKVp
1 .
=Sk — Mg + 5 Q0€prkOp XrK — QoOp XkKVp- (ChH
However, as shown in [5]
exim(Mkrk,. — Ski) Xmk = 0901- (€2)
Multiplying both sides of this expression by e, we have
1 .
Skk — Mkrrr + 5 Q0CprkOpXrk = 0. (C3)

Substituting this in the expression above, we finally obtain Lagrange equations of the second kind

Oy L — (3Xkl\’.u L) o« ~Qo%VpXkK> (C4

which is (118).





