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ABSTRACT 

This paper deals with the application of 
inverse concepts for improvement of the Gaussian 
plume dispersion models. The objective of the 
paper is an analysis of the possibility of the 
estimation of parameters appearing in the model 
on the bases of the available ground level 
measurements of the concentration, obtained in 
realized experimental campaigns. Two types of 
the Gaussian plume models have been analyzed. 
The Industrial Source Complex Short Term 
(ISCST3) model has been taken as a 
representative of the models that describe the 
boundary layer structure in terms of the Pasquill-
Gifford Stability Category and OML model as a 
representative of the models that describe 
dispersion processes in terms of basic boundary-
layer scaling parameters, such as Monin-Obukhov 
length, the boundary layer height, friction 
velocity, and the convective velocity scale. The 
Levenberg-Marquardt method and a hybrid 
optimization method of minimization of the least-
squares norm were used to solve the present 
parameter estimation problem. 
 
NOMENCLATURE 
a = parameter 
A = Pasquill -Gifford stability class 
A = constant 
b = parameter 
B = constant 
C = vector of estimated concentrations 
   [µg m-3] 

 
C = constant 
C = concentration [µg m-3] 
D = Pasquill-Gifford stability class 
D = constant 
E = constant 
E = ordinary least square norm [(µg m-3)2] 
h = boundary layer height [m] 
H = source height [m] 
I = identity matrix 
K = scaling coefficient (=106) 
L = Monin-Obukhov length [m] 
M = emission rate [g s-1] 
P = vector of unknown parameter 
t = time [s] 
u* = friction velocity [m s-1] 
U = mean wind velocity [m s-1] 
x = downwind distance, [m] 
y = crosswind distance, [m] 
Y = vector of measured concentrations 
   [µg m-3] 
z = height [m] 
 
Greek symbols 
σ = standard deviation [m] 
ω* = convective velocity [m s-1] 
 
Subscripts 
cnv = convective 
ef = effective 
in = internal 
mch = mechanical 
s = stack height 
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trb = turbulent 
y = crosswind 
z = height 
 
Superscripts 
T = transposed 
 
INTRODUCTION 

Air quality simulation models are extensively 
used in assessing the impacts of combustion 
plants. A wide variety of dispersion models are 
available. In assessing the impacts of existing and 
proposed sources of air pollution on local air 
quality (up to 20 km from the source), particularly 
for regulatory applications, the Gaussian-plume 
models are commonly used [1]. 

The performances of the atmospheric 
dispersion models usually are tested against the 
ground level concentration measurements of some 
pollutant obtained at the locations around the 
elevated point source (stack). The experimental 
campaigns are very expensive and have to be 
prepared very carefully. Even in the cases when a 
few hundred receptors are located around the 
stack, for the particular meteorological conditions 
only a few receptors will be along the direction of 
plume travel. So, only a few values will be 
available for verification of the model for these 
meteorological conditions. 

There are few methods for the validation of 
the Gaussian-plume models, but the appropriate 
evaluation method cannot be uniquely defined [2-
4]. This paper deals with the application of 
inverse concepts for improvement of the Gaussian 
plume dispersion models. The objective of the 
paper is an analysis of the possibility of the 
estimation of parameters appearing in the model 
on the bases of the available ground level 
measurements of the concentration, obtained in 
realized experimental campaigns.  

Two types of the steady-state Gaussian plume 
models, the ISCST3 and OML have been 
analyzed in the paper. 

The Industrial Source Complex Short Term 
(ISCST3) model has been taken as a 
representative of the models that describe the 
boundary layer structure in terms of the Pasquill-
Gifford Stability Category. ISCST3 is a US EPA 
regulatory model and is widely used over the 
world. Formally, in 2000, AERMOD [5] was 
proposed by the US EPA as a replacement for 
ISCST3. However, this status has not yet been 
achieved. The regulatory default option (EPA US, 

1995) of the ISCST3 atmospheric dispersion 
model has been used in this paper [6]. 

  The OML is a modern Gaussian plume 
model [7, 8]. It does not use traditional discrete 
Pasquill stability categories, but instead describes 
dispersion processes in terms of basic boundary-
layer scaling parameters, such as Monin-Obukhov 
length, the boundary layer height, friction 
velocity, and the convective velocity scale. 
Typically, the OML model is applied for 
regulatory purposes. In particular, it is the 
recommended model to be used for environmental 
impact assessments when new industrial sources 
are planned in Denmark. 

The Levenberg-Marquardt method and a 
hybrid optimization method of minimization of 
the least-squares norm were used to solve the 
present parameter estimation problem. 

An analysis of the influence of the wind 
speed, stability classes, boundary layer height, 
and downwind distance from the source on the 
model parameter estimation, enables the design of 
appropriate experiments is conducted as well. In 
order to realize this analysis, the sensitivity 
coefficients and the determinant of the 
information matrix were calculated for the 
characteristic meteorological conditions. 

 
MATHEMATICAL FORMULATION 

The Gaussian-plume formula for calculating 
the concentration of pollutant at downwind 
distance, x, crosswind distance, y, and height 
above ground, z, for a continuous point source of 
strength, M, in a uniform flow with homogeneous 
turbulence and mean wind velocity at stack 
height, Us, can be expressed as 
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where, σy and σz are standard deviations of lateral 
and vertical concentration distribution, or, the 
Gaussian plume dispersion parameters and K is a 
scaling coefficient. 
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accounts for the vertical distribution of the 
Gaussian plume. It includes the effects of source 
elevation, Hs,ef, receptor elevation, z, and limited 
mixing in the boundary layer of height, h. The 
series term in equation (2) accounts for multiple 
reflections of the plume from the ground and at 
the top of the boundary layer. In the usual practice 
the terms up to ±4 are taken into the calculations. 
The effective source height, Hs,ef, is the sum of the 
stack height and plume rise. 
 
INVERSE APPROACH 

For the inverse problem of interest here, some 
of the parameters appearing in the Eq.1 are 
regarded as unknown. 

The estimation methodology used is based on 
the minimization of the ordinary least square 
norm  
 
 . (3) )]([)]([)( T PCYPCYP −−=E

 
Here, YT = [Y1,Y2, … ,Yimax] is the vector of 

measured ground level concentrations of 
pollutant, CT = [C1(P), C2(P), … Cimax(P)] is the 
vector of estimated ground level concentrations of 
pollutant at distances xi  (i = 1, 2, …, imax) from 
the stack, PT = [P1,P2, … PN] is the vector of 
unknown parameters, imax is the total number of 
measurements, and N is the total number of 
unknown parameters (imax ≥ N). 

A hybrid optimization algorithm OPTRAN [9] 
and the Levenberg-Marquardt method [10, 11] 
have been utilized for the minimization of E(P) 
representing the solution of the present parameter 
estimation problem. 

The Levenberg-Marquardt method is a quite 
stable, powerful, and straightforward gradient 
search minimization algorithm that has been 
applied to a variety of inverse problems. It 
belongs to a general class of damped least square 
methods. 

An alternative to the Levenberg-Marquardt 
algorithm, especially when searching for a global 
optimum of a function with possible multiple 
minima, is the hybrid optimization program 
OPTRAN. OPTRAN incorporates six of the most 
popular optimization algorithms: the Davidon-
Fletcher-Powell gradient search, sequential 

Danilin quasi-Newtonian algorithm, a modified 
Nelder-Mead simplex algorithm, a genetic 
algorithm, and a differential evolution algorithm. 
Each algorithm provides a unique approach to 
optimization with varying degrees of 
convergence, reliability and robustness at 
different stages during the iterative optimization 
procedure. The hybrid optimizer OPTRAN 
includes a set of rules and switching criteria to 
automatically switch back and forth among the 
different algorithms as the iterative process 
proceeds in order to avoid local minima and 
accelerate convergence towards a global 
minimum. 
 

quadratic programming algorithm, Pshenichny-

ESULTS AND DISCUSSION 
ical concentra-

tion

(4) 

here, x is the downwind distance of the receptor 

-
tion

R
The standard deviation of vert
 distribution, σz, is one of the most influental 

parameters appearing in the model. There are a lot 
of different expressions for σz. The US EPA 
regulatory model ISCST3 used the Pasquill-
Gifford expression [6, 12]  
 
 b

z xa=σ   
 
w
from the stack. For certain meteorological 
conditions and distances the parameters a and b 
have constant values. For example, for unstable 
conditions, the Pasquill-Gifford stability class A, 
and for x > 0.5 km, a = 453.85 and b = 2.11660. 

Figure 1 illustrates the ground level concentra
s (normalized by emission, C/M·109) along 

the plume centerline as a function of downwind 
distance from the source calculated with ISCST3. 
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Fig. 1. The ground level concentrations along the 

plume centerline 
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The example is for stability class A, wind 
spe

relative sensitivity 
coe

ed of 2.8 m/s, 187 m high stack and the 
boundary layer height of 689 m that correspond to 
one of the conditions in the well known Kincaid 
experimental campaign [13]. 

Figure 2 shows the 
fficients Pj∂Ci/∂Pj, i = 1, 2, for the ground 

level concentration along the plume centerline 
with respect to the parameters a and b in Eq. 4, 
for the meteorological condition maintained 
above. It can be seen that they are greater than 
zero only in the locations from 0.5 to 2 km from 
the source. Figure 3 presents variations of the 
determinant of the information matrix if the 
parameters a and b are simultaneously considered 
as unknowns. The maximum determinant value 
corresponds to the distance of 1.5 km. 
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Fig. 2. The relative sensitivity coefficients with 

respect to the parameters a and b for the stability 
class A, wind speed of 2.8 m/s, and the boundary 

layer height of 689 m  
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Fig. 3. Determinant of the information ma

 

rom the previous analysis it can be 
con

 other very influental parameter appearing 
in 

trix if 
the parameters a and b are simultaneously 

considered as unknowns 

F
cluded that at least two errorless concentration 

measurements are needed for the estimation of the 
unknown parameters a and b in the range of 0.5 to 
2.0 km. In the Kincaid experimental campaign the 
receptors were located at 2, 3, 5, 7, and 10 km. 
For the analyzed case there were only three 
reliable measured concentrations, at 5, 7 and 10 
km (Fig. 1). Consequently, the unknown 
parameters a and b can not be estimated for this 
case.  

The
the Gaussian plume models is the boundary 

layer height, h. Figure 4 shows the relative 
sensitivity coefficients for the ground level 
concentration along the plume centerline with 
respect to the boundary layer height h, for the 
analyzed meteorological condition. 
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Fig. 4. The relative sensitivity coefficients with 

 
igure 5 presents transient variations of the 

det

respect to the boundary layer height 

F
erminant of the information matrix if the 

boundary layer height is considered as unknown 
parameter.  
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Fig. 5. Determinant of the information matrix if 
the boundary layer height is considered as 

unknown parameter 
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For the analyzed example (stability class A,
d speed of 2.8 m/s), in the report [13] t

s for the boundary la

 
win wo 
different value yer height are 
pre

he experimental campaign, by using an 
inv

nts a and b, depending on the value of 
dis

ments for an example 
of 

sented. The measured value for h was 226 m 
and the calculated 689. The measured value is 
unreal, because is much smaller then the effective 
plume height which is 688 m in this case. So the 
ground level concentrations should be zero in this 
case.  

The boundary layer height can be estimated 
from the available ground level concentration 
from t

erse approach. On the bases of the ground 
level measurements of the normalized 
concentration of 132, 137, and 136.8 at 5, 7 and 
10 km respectively, we obtained a value of 809 m 
for the boundary layer height. It corresponds well 
with the boundary layer height of 689 reported in 
[13] having in mind that the methods for 
calculating the boundary layer height are not of 
high accuracy. 

Similar analyses can be conducted for all other 
available data for different meteorological 
conditions. 

For neutral conditions, the Pasquill-Gifford 
stability class D, we have several ranges of data 
for coefficie

tance x. For example, for 3 < x ≤ 10 km, a = 
33.504 and b = 0.60486 and for 10 < x ≤ 30 km, a 
= 36.650 and b = 0.56589. 

In Fig. 6 the ground level concentrations along 
the plume centerline calculated with ISCST3 are 
compared with the measure

the Kincaid experimental campaign [13] with 
stability class D and wind speed of 10.6 m/s.   
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Fig. 6. The ground level concentrations along the 

plume centerline for stability class D 
 

bound . The 
measured value for h was 815 m and the 
cal

For this case two different values for the 
ary layer height are presented as well

 
culated 3156 m. But, from the variations of the 

relative sensitivity coefficients with respect to the 
boundary layer height for stability class D and 
wind speed of 10.6 m/s (Fig. 7) it can be 
concluded that in this case the model is insensible 
for h ≥ 800 m. 
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Fig. 7. The relative sensitivity coefficients with 

respect to the parameters a, b and h for the 
stability class D, wind speed of 10.6 m/s, and for 

 
level concentrations, at 3, 5, 7, 10, 15 and 20 km 
(Fi . Three of these are in the range of 10 to 
30 

two different values of boundary layer height  
 
 
For this case there were six measured ground

g. 6)
km from the source. On the bases of these 

measured concentrations we simultaneously 
estimated parameters a and b and boundary layer 
height, h.  The obtained values are: a = 39.409, b 
= 0.56618 and h = 500 m. The relative sensitivity 
coefficients with respect to the boundary layer 
height are equal to zero in the range of 3 to 10 
km. So the boundary layer height can not be 
estimated from the measurements in this range. 
But, by using the value for h estimated above (h = 
500 m), the parameters a and b can be estimated 
from the measured ground level concentrations at 
3, 5, 7 and 10 km. The obtained values are: a = 
66.357 and b = 0.35523.  

 



Inverse Problems, Design and Optimization Symposium 
Miami, Florida,U.S.A., April 16-18, 2007 
 

In Fig. 8 the measured ground level 
concentrations along the plume centerline for the 
analyzed case of the stability class D are 
compared with the calculated from Eq. 1 with the 
estimated values for parameters a and b, and 
boundary layer height h.  
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Fig. 8. Comparison of the measured ground level 

concentrations against those 
concentrations calculated from Eq.1 with the 

of the models th rsion processes 
in terms of basic boundary-layer scaling 
par

re σ2
z,trb is the turbulent contribution and 2

 internal dispersion. The σ2
z,trb i

m of the mechanical and convective 

 this case, when the effective plum
 0.1h, the convective contribution to z

(7) 

here the time scale is t = x/Us.  
The mechanical contribution to z

 

estimated values of parameters a, b and h for the 
stability class D 

 
The OML model is chosen as a representative 

at describe dispe

ameters, such as Monin-Obukhov length, L, 
the boundary layer height, h, friction velocity, u*, 
and the convective velocity scale, ω*. For the 
previous example of the Kincaid experimental 
campaign with stability class D and wind speed of 
10.6 m/s, the following values are presented: 
Monin-Obukhov length, L = - 408.7 m, friction 
velocity, u* = 0.98 m/s, measured boundary layer 
height, h = 815 m, and the calculated boundary 
layer height, h = 3156 m. For the meteorological 
conditions with L < 0, the following expressions 
for the standard deviation of vertical 
concentration distribution, σz, are used in the 
OML model [8]: 
 
 2

,
2
,

2
inztrbzz σ+σ=σ  (5) 

 
whe σ z,in  
is s calculated as a 
su
contributions: 
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,
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, mchzcnvztrbz σ+σ=σ  (6) 

 

In e height Hs,ef 
σ2>  is: 
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The internal dispersion parameter or the 

ontribution due to entrainment of the ambient air 
to

c
in  a rising plume is determined from: 
 

 ⎟⎟
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⎞
⎜⎜
⎛ ω

⋅⋅⋅∆=σ posp
inz EH ,2

, exp1

⎝ sUD
 (10) 

here 
 
w
 

sefs HHH −=∆ , . 
 

The constants A, B, C, D and n the previous 
quations have the following values in the OML 
odel: 0.3

E i
e
m 3, 1.2, 0.6, 2.506628, and 0.6, 
respectively. The possibility of simultaneous 
estimation of the constants A to E together with 
the boundary layer height, h, has been analyzed in 
this paper. In order to perform this analysis, the 
relative sensitivity coefficients for the ground 
level concentration along the plume centerline for 
the meteorological condition of the stability class 
D, maintained above, were calculated. 

The sensitivity coefficients with respect to the 
parameters D and E are very small. This indicates 
that the constants D and E cannot be estimated in 
this case. Figure 9 shows the relative sensitivity 
coefficients with respect to the parameters A and 
h, for two different values of h. 
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Fig. 9. The relative sensitivity coefficients with 

respect to the parameters A and h  
 

The  to the 
arameters B and C are very similar to them. 

 km. 
On

ume centerline for the 
ana

sensitivity coefficients with respect
p

For this case there were six measured ground 
level concentrations, at 3, 5, 7, 10, 15 and 20

 the bases of these measured concentrations we 
simultaneously estimated parameters A, B, C, and 
mixing height, h by using the inverse approaches. 
The obtained values are: A = 0.24635, B = 0.1, C 
= 0.42729, and h =360 m.  

In Fig. 10 the measured ground level 
concentrations along the pl

lyzed case are compared with the calculated 
with the constants A, B and C used in the OML 
and measured boundary layer height, h = 815 m, 
reported in [13] and with the calculated with the 
parameters A, B, C and h estimated in this paper 
by using the inverse approaches.  
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Fig. 10. Comparison of the measured ground level 
concentrations with the calculated for the stability 

class D 
 

concentrations has be . 
  

CO

tal parameters 
appearing in the Gaussian plume models by using 

entrations measurements has 
bee

he 
exp

an plume 
mo

niversity Press, 1999 
2. R. H. Olesen, Tools for Model Evaluation, 

eling and Its Application XII, 
Sve

urpose, Rhodes, 
(19

ispersion Modelling for Regulatory 
Pur

Very good agreement between the 
experimental and calculated ground level 

en obtained

NCLUSIONS 
The inverse problem of simultaneous 

estimation of the most influen

ground level conc
n analyzed in this paper. Two types of the 

steady-state Gaussian plume models the ISCST3 
and OML have been analyzed in the paper. 

The Levenberg-Marquardt and the hybrid 
optimization method OPTRAN were applied for 
evaluation of the unknown parameters. 

It can be concluded that by using t
erimental campaign data it can be estimate 

simultaneously some of the most influental 
parameters appearing in the Gaussi

dels. But the inverse approaches can be most 
useful if simulated data, obtained from the more 
sophistical models, are used for validation and 
improvement of the simple and broadly used for 
regulatory purposes, the Gaussian plume 
dispersion models.  
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