
August 1, 2003 11:13

Proceedings of IMECE’03
ASME 2003 International Mechanical Engineering Congress and Expo

Washington, D.C. USA, November 15-21, 2003

IMECE2003-42273

DETERMINATION OF TEMPERATURES AND HEAT FLUXES ON SURFACES AND
INTERFACES OF MULTI-DOMAIN THREE-DIMENSIONAL ELECTRONIC

COMPONENTS

Brian H. Dennis ∗
Institute of Environmental Studies

Graduate School of Frontier Sciences
The University of Tokyo

7-3-1 Hongo, Bunkyo-ku,
Tokyo 113-8656, JAPAN

dennis@garlic.q.t.u-tokyo.ac.jp

Zhen-xue Han †

Department of Mechanical
and Aerospace Engineering

UTA Box 19018
The University of Texas at Arlington

Arlington, TX 76019
han@uta.edu

George S. Dulikravich ‡

Department of Mechanical
and Aerospace Engineering

UTA Box 19018
The University of Texas at Arlington

Arlington, TX 76019
dulikra@mae.uta.edu

ABSTRACT
A finite element method (FEM) formulation for the predic-

tion of unknown steady boundary conditions in heat conduction
for multi-domain three-dimensional solid objects is presented.
The FEM formulation is capable of determining temperatures
and heat fluxes on the boundaries where such quantities are un-
known, provided such quantities are sufficiently over-specified
on other boundaries. An inverse finite element program has
been previously developed and successfully tested on 3-D sim-
ple geometries. The finite element code uses an efficient sparse
matrix storage scheme that allows treatment of realistic three-
dimensional problems on personal computer. The finite element
formulation also allows for very straight-forward treatment of
geometries composed of many different materials. The inverse
FEM formulation was applied to the prediction of die junction
temperature distribution in a simple ball grid array (BGA) elec-
tronic package. Examples are presented with simulated measure-
ments that include random measurement errors. Regularization
was applied to control numerical error when large measurement
errors were added to the over-specified boundary conditions.
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NOMENCLATURE
Γ Boundary surface
Λ Damping parameter
Ωe element volume
σ̄ Standard deviation
Θ Temperature
Θamb Ambient fluid temperature
[D] Damping matrix
h heat convection coefficient
kx,ky,kz Fourier coefficients of heat conduction inx,y,z
~n Surface unit normal vector
~q Heat flux
qs Normal heat flux
R Uniform random number between 0 and 1
S Heat source
x,y,z Cartesian body axes

INTRODUCTION
It is often difficult and even impossible to place temperature

probes or heat flux probes on certain parts of a surface of a solid
body. This can be either due to its small size, geometric inacces-
sibility, or because of exposure to a hostile environment. With
an appropriate inverse method these unknown boundary values
can be deduced from additional information that should be made
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available at a finite number of points within the body or on some
other surfaces of the solid body. In the case of steady heat con-
duction, the objective of an inverse boundary condition determi-
nation problem is to compute the temperatures and heat fluxes
on any surfaces or surface elements where such information is
unknown [1]. The problem of inverse determination of unknown
boundary conditions in two-dimensional steady heat conduction
has been solved by a variety of methods [2,3,4,1,5]. Similarly,
a separate inverse boundary condition determination problem in
linear elastostatics has been solved by different methods [6].

For inverse problems, the unknown boundary conditions
on parts of the boundary can be determined by overspecifying
the boundary conditions (enforcing both Dirichlet and Neumann
type boundary conditions) on at least some of the remaining por-
tions of the boundary, and providing either Dirichlet or Neu-
mann type boundary conditions on the rest of the boundary. It is
possible, after a series of algebraic manipulations, to transform
the original system of equations into a system which enforces
the overspecified boundary conditions and includes the unknown
boundary conditions as a part of the unknown solution vector.
This formulation is an adaptation of a method by Martin and Du-
likravich [4] for the inverse detection of boundary conditions in
steady heat conduction.

Our objective is to demonstrate the inverse FEM approach
for the simultaneous determination of thermal boundary condi-
tions and interface temperatures for electronic packages. In par-
ticular, we focus on the inverse determination of the junction
temperature distribution on the microchip, typically called a die.
The die junction temperature is a critical quantity in the design
of electronic packaging. The package should be designed so that
the junction temperature always stays within a specified range.
It is difficult to directly measure junction temperature since the
die is typically completely incased within the electronic package.
However, it can be inversely determined using only temperature
and heat flux measurements on the outer surface of the package.
In the case of a ball grid array (BGA) packages, the temperatures
and heat fluxes cannot be easily obtained on the bottom due to the
small dimensions of the air gap. Therefore, we must rely solely
on measurements take from the top and sides of the package.

FEM FORMULATION FOR HEAT CONDUCTION

The temperature distribution throughout the domain can be
found by solving Poisson’s equation for steady linear heat con-
duction with a distributed steady heat source function,S, and
thermal conductivity coefficients,kx,ky,kz.
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Applying the method of weighted residuals to (1) over an ele-
ment results in

∫
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∂z2 −S)dΩe = 0 (2)

wherev is a non-zero weight function. Integrating Eqn. (2) by
parts once creates the weak statement for an element
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Variation of the temperature and the weight function across an
element withmnodes can be expressed by

Θe(x,y,z) =
m

∑
i=1

Ni(x,y,z)Θe
i = {N}T{Θe} (4)

ve(x,y,z) =
m

∑
i=1

Ni(x,y,z)ve
i = {N}T{ve} (5)

where the functionsNi for ve andΘe are chosen to be the same.
This is known as a Galerkin finite element approach. The func-
tions ve and Θe are substituted into Eqn. (3) leading to a dis-
crete weak statement. The discrete weak statement is then made
stationary with respect to the weight function coefficientsvi re-
sulting in a system of linear equations for the element. By first
defining the matrix [B],

[B] =
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 (6)

the linear system of equations can be written in matrix form as

[Ke
c ]{Θe}= {Qe} (7)

where

[Ke
c ] =

∫

Ωe
[B]T [k][B]dΩe (8)

{Qe} = −
∫

Ωe
S{N}dΩ+

∫

Γe
qs{N}dΓe (9)
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[k] =




kx 0 0
0 ky 0
0 0 kz


 (10)

The local stiffness matrix,[Ke
c ], and heat flux vector,{Qe}, are

determined for each element in the domain and then assembled
into the global system of linear algebraic equations.

[Kc]{Θ}= {Q} (11)

DIRECT AND INVERSE FORMULATIONS
The above equations for steady heat conduction were dis-

cretized by using a Galerkin’s finite element method. The system
is typically large, sparse, symmetric, and positive definite. Once
the global system has been formed, the boundary conditions are
applied. For a well-posed analysis (direct) problem, the bound-
ary conditions must be known on all boundaries of the domain.
For heat conduction, either the temperature,Θs, or the heat flux,
Qs, must be specified at each point of the boundary.

For an inverse problem, the unknown boundary conditions
on parts of the boundary can be determined by over-specifying
the boundary conditions (enforcing both Dirichlet and Neumann
type boundary conditions) on at least some of the remaining por-
tions of the boundary, and providing either Dirichlet or Neumann
type boundary conditions on the rest of the boundary. It is pos-
sible, after a series of algebraic manipulations, to transform the
original system of equations into a system which enforces the
over-specified boundary conditions and includes the unknown
boundary conditions as a part of the unknown solution vector.
As an example, consider the linear system for heat conduction
on a tetrahedral finite element with boundary conditions given at
nodes 1 and 4.
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(12)

As an example of an inverse problem, one could specify both
the temperature,Θs, and the heat flux,Qs, at node 1, flux only
at nodes 2 and 3, and assume the boundary conditions at node
4 as being unknown. The original system of equations (12) can
be modified by adding a row and a column corresponding to the
additional equation for the over-specified flux at node 1 and the
additional unknown due to the unknown boundary flux at node

4.




1 0 0 0 0
K21 K22 K23 K24 0
K31 K32 K33 K34 0
K41 K42 K43 K44 −1
K11 K12 K13 K14 0
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(13)

The resulting systems of equations will remain sparse, but will
be unsymmetric and possibly rectangular depending on the ratio
of the number of known to unknown boundary conditions.

REGULARIZATION
A regularization method is needed when the over-specified

boundary conditions contain some amount of error. The
Tikhonov regularization [7] method is the most widely used ap-
proach. However, our previous research has shown that higher-
order regularization methods result in more accurate solutions to
inverse boundary condition problems [1,8].

The general form of a regularized system is given as [9]:

[
Kc

ΛD

]
{Θ}=

{
Q
0

}
(14)

where the traditional Tikhonov regularization is obtained when
the damping matrix,[D], is set equal to the identity matrix. Solv-
ing (14) in a least squares sense minimizes the following error
function.

error(Θ) = ||[Kc]{Θ}−{Q}||22 + ||Λ[D]{Θ}||22 (15)

This is the minimization of the residual plus a penalty term. The
form of the damping matrix determines what penalty is used
and the damping parameter,Λ, weights the penalty for each
equation. These weights should be determined according to
the measurement error associated with the respective equation.
The Tikhonov approach clearly drives the solution to zero as the
damping parameter increases. For this reason, we avoid using
the Tikhonov regularization method in inverse boundary detec-
tion problems.

The method used here essentially a Laplacian smoothing of
the unknown temperatures on the boundaries where the bound-
ary conditions are unknown. This method could be considered
a ”second order” Tikhonov method. A penalty term can be con-
structed such that curvature of the solution on the unspecified
boundary is minimized along with the residual.

||∇2Θub||22 →min (16)
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Equation (16) is discretized using the method of weighted
residuals to determine the damping matrix,[D].

||[D]Θub||22 = ||[Kc]Θub||22 (17)

In three-dimensional problems,[Kc] is computed by inte-
grating over surface elements on the unknown boundaries. So
the damping matrix can be thought of as an assembly of bound-
ary elements that make up the surface of the object where the
conditions are unknown. The stiffness matrix for each boundary
element is formed by using a Galerkin weighted residual method
that ensures the Laplacian of the solution is minimized over the
unknown boundary surface. The main advantage of this method
is its ability to smooth the solution vector without necessarily
driving the components to zero and away from the true solution.

NUMERICAL RESULTS
The finite element inverse formulation was shown pre-

viously to be both accurate and efficient for several three-
dimensional test problems [8,10]. The method has been imple-
mented in an object-oriented finite element code written in C++.
The software uses sparse matrix storage that allows 3-D prob-
lems to be solved on a personal computer in less than a few min-
utes. All the inverse cases presented here were computed in less
than three minutes on 2.0 GHz P4 Xeon processor and required
less than 120 MB memory. Elements used in the calculations
were hexahedra with tri-linear interpolation functions. The lin-
ear system was solved with a sparse QR factorization [11].

A simplified BGA geometry with nine material domains was
generated for a test case. Thex-y dimensions were30.0mm×
30.0mm for the printed wire board (PWB),13.0mm× 13.0mm
for the package, and7.2mm×7.2mmfor the die. The dimensions
in thez-direction should be discernible from Fig.1. Though the
generated geometry is not an actual BGA package, we tried to
make a model that maintains the characteristic shape and mate-
rial domains of a typical BGA electronic package. Specifically,
this model does not include the traces that carry the electrical sig-
nals through the PWB and the package to the die. The material
regions are shown in Fig.1 and their properties are listed in Table
1. The BGA geometry is symmetric with respect to thex andy
axes. In this simplified example we assume the boundary condi-
tions have the same symmetry as well. Therefore, only a quarter
of the BGA model was used for computations. A hexahedral
mesh was generated for the quarter geometry and was composed
of 27417 nodes and 20728 elements. The surface mesh for the
BGA geometry is shown in Figs.2-3.

In the examples presented here, the over-specified boundary
condition measurements were simulated by taking them from a
well-posed finite element analysis of the entire BGA model. For
the well-posed or forward analysis problem, the boundary con-
ditions were specified on all boundaries of the mesh. The power

source in the die was set to 0.1875 W and was uniformly dis-
tributed. The forward problem was then solved using convection
type boundary conditions with values given in Table 2. The com-
puted temperature field is shown in Figs.4-5.

We were primary interested in determining the junction tem-
perature on the surface of the silicon die. This was accom-
plished economically by modeling only regions 6-9 and then
over-specifying the boundary conditions on the top and sides of
the package. No boundary conditions were specified on the bot-
tom of the BT substrate. In this case, only the mesh for regions 6-
9 was required for solving the inverse problem. The reduced grid
contained 9800 nodes and 8092 elements, about 3 times smaller
than the complete BGA grid.

The inverse problem was then created by over-specifying the
top and sides of the package with the double-precision values of
temperatures and fluxes obtained from the forward analysis case.
At the same time, no boundary conditions were specified on the
bottom of region 6. Random measurement errors were not used
in this case. The heat source magnitude, it’s distribution, and
all material properties were assumed to be known. A damping
parameter ofΛ = 1.0×10−30 was used. The computed forward
and inverse temperature distribution on the bottom of the BT sub-
strate is shown in Figure6. The average relative error in temper-
ature between the forward analysis and inverse result was less
than 0.005%. The inverse procedure also accurately predicted
the temperature distribution on the bottom of the silicon die as
shown in Figure7.

The above problem was repeated using over-specified
boundary conditions with random measurement errors added.
Random errors in the known boundary temperatures and fluxes
were generated using the following equations [4]:

Θ = Θbc±
√
−2σ̄2 lnR (18)

Q = Qbc±
√
−2σ̄2 lnR (19)

whereR is a uniform random number between 0.0 and 1.0 andσ̄
is the standard deviation. Equations (18)-(19) were used to gen-
erate errors in both the known boundary fluxes and temperatures
obtained from the forward solution.

In a final test case, a value of̄σ = 0.01 was used with
Eqns (18)-(19) to generate random errors. This resulted in an
average measurement error of 1.27% in the overspecified tem-
peratures and 1.24% for the overspecified fluxes. The overspeci-
fied temperatures with errors are shown in Figure8. The inverse
problem was solved for various values of the damping param-
eter, Λ. Figure9 shows that the relative temperature error on
the unknown boundary is less than 3.0% for1.0×10−5 < Λ <
1.0×10−3. The results show that the regularization successfully
prevents the amplification of the measurement errors, provided
the appropriate damping parameter is used. The computed for-
ward and inverse temperature distribution on the bottom of the
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BT substrate forΛ = 1.0× 10−4 is shown in Figure10. The
smoothing effect of the regularization can be clearly seen. Al-
though the fine details of the temperature field are not recov-
ered, the general distribution is captured correctly. The average
relative error in temperatures on the bottom of the BT substrate
surface was 2.00%. The inverse procedure also predicted a tem-
perature distribution on the die with less than 2.0% average error
as shown in Figure11. Again, the inverse and forward solutions
do not match exactly due to the the presence of the measurement
errors. However, the errors in the die temperature are of the same
order of magnitude as the measurement errors thereby indicating
that the regularization method is working successfully.

CONCLUSIONS
A formulation for the inverse determination of unknown

steady boundary conditions in heat conduction for three-
dimensional multi-domain problems has been demonstrated. The
formulation has been successfully applied to the inverse detec-
tion of the die junction temperature distribution for a BGA elec-
tronic package with nine material domains. The method com-
puted the temperature distribution in the die and package with
high accuracy when no measurement errors were present in the
over-specified boundary conditions. The method required regu-
larization when measurement errors were added to the boundary
conditions. However, it was demonstrated that a high-order reg-
ularization method successfully prevented the amplification of
the measurement errors. Relatively accurate die junction tem-
peratures were computed even for average measurement errors
exceeding one percent.
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Figure 1. Cross-section showing material regions for BGA model

Table 1. Material properties for BGA model
Region Material kx, ky, kz (W/moC)

1 FR4 printed wire board (FWB) 1.0, 1.0, 0.3
2 copper pads 393.0, 393.0, 393.0
3 solder mask 0.2, 0.2, 0.2
4 polyimide tape 0.3, 0.3, 0.3
5 solder balls 250.0, 250.0, 250.0
6 bismaleimide triazene (BT) substrate 1.0, 1.0, 0.3
7 die attach 0.25, 0.25, 0.25
8 silicon die 87.0, 87.0, 87.0
9 epoxy mold compound (EMC) 0.71, 0.71, 0.71

XY

Z

Figure 2. Hexahedral mesh for PWB and EMC

XY

Z

Figure 3. Closeup view of mesh for solder balls, solder mask, and PWB

Table 2. Boundary conditions for forward problem
Boundary Θamb (oC) h (W/m2oC)
Symmetry 0.0 0.0
All sides of PWB 25.0 19.71
Top and sides of package 25.0 43.18
Bottom of package 25.0 4.31
Sides of solder balls 0.0 0.0
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Figure 8. Computed forward temperature on package top with measure-

ment errors
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Figure 10. Computed inverse and forward temperature on BT substrate

bottom with measurement errors and Λ = 1.0×10−4
Figure 11. Computed inverse and forward temperature on die bottom with

measurement errors and Λ = 1.0×10−4
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