
Inverse Problems in Science and Engineering
Vol. 13, No. 4, August 2005, 341–353

Estimation of thermophysical properties of moist materials

under different drying conditions

GLIGOR H. KANEVCE*y, LJUBICA P. KANEVCEz,
GEORGE S. DULIKRAVICHx and HELCIO R. B. ORLANDE�

yMacedonian Academy of Sciences and Arts, Skopje, Macedonia
zFaculty of Technical Sciences, St. Kliment Ohridski University, Bitola, Macedonia

xDepartment of Mechanical and Materials Engineering,
Professor and Chairperson Florida International University, Miami, FL, U.S.A.
�Department of Mechanical Engineering, Federal University of Rio de Janeiro,

Rio de Janeiro, RJ, Brazil

(Received 2 February 2003; in final form 23 February 2005)

This article deals with the solution for the inverse problem of simultaneously estimating
moisture content and temperature-dependent moisture diffusivity, together with thermal
conductivity, heat capacity, density, and phase conversion factor of a drying body as well as
boundary condition coefficients, by using only temperature measurements. Two different
physical problems, convective and contact drying, are examined and compared. The present
parameter estimation problem is solved with the Levenberg–Marquardt method of minimiza-
tion of the least-squares norm, by using simulated experimental data. The temperature
responses during the drying are obtained with a numerical solution of the non-linear
one-dimensional Luikov’s equations. As a representative drying body, a mixture of bentonite
and quartz sand with known thermophysical properties has been chosen. Analyses of the
sensitivity coefficients and of the determinant of the information matrix are presented.
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1. Introduction

Drying of hygroscopic capillary-porous bodies is a complex process of simultaneous
heat and moisture transport within the material and from its surface to the
surroundings, caused by a number of mechanisms. There are several different
methods of mathematically modeling the drying process. In the approach proposed
by Luikov [1], the drying body’s moisture content and temperature field are
expressed by a system of two coupled partial differential equations. The system
of equations incorporates coefficients that must be determined experimentally.
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The main problem is the determination of the moisture diffusivity connected with
the difficulty of moisture content measurements. Local moisture content measure-
ments are practically unfeasible, especially for small drying objects. Standard
drying curve measurements (body mean moisture content during drying) are
complex and have low accuracy.

Dantas et al. [2–4] and Kanevce et al. [5–8] recently analyzed the application of
inverse analysis approaches to the estimation of thermophysical properties of
drying bodies. The main idea of the applied methods was to take advantage of the
relation between the heat and mass (moisture) transport processes within the
drying body and from its surface to the surrounding media. Then, the estimation
of the thermophysical properties of the drying body could be performed on the basis
of accurate and easy-to-perform thermocouple temperature measurements, by using
an inverse analysis approach. Kanevce et al. [5–8] analyzed this idea by using the
temperature response of a body exposed to convective drying, while Dantas et al.
[2–4] examined contact drying experiments.

The objective of this article is to compare these two kinds of experiments for the
estimation of the thermophysical properties of a drying body. In order to perform
this analysis, the sensitivity coefficients and the determinant of the information
matrix were calculated.

2. A mathematical model of drying

Two different physical problems, convective and contact drying, are analyzed here.
In the convective drying experiment (see figure 1) the boundaries of the drying
body are in contact with the drying air, thus resulting in a convective boundary
condition for both the temperature and the moisture content. In the contact
drying experiment (see figure 2), one of the boundaries of the one-dimensional
body is in contact with a heater. That boundary is impervious to moisture transfer.
The other boundary is in contact with the dry air, thus resulting in a convective
boundary condition.

An infinite flat plate of the capillary porous material with negligible shrinkage
has been considered in both the experiments examined here.

The system of equations for energy balance and moisture transport can be
expressed [1] as

c�s
@T

@t
¼

@

@x
k
@T

@x

� �
þ "�s�H

@X

@t
ð1Þ

@X

@t
¼

@

@x
D
@X

@x
þD�

@T

@x

� �
ð2Þ

where T(x, t) and X(x, t) are the unsteady temperature and moisture content fields,
respectively. From previous experimental and numerical examinations of the transient
moisture and temperature profiles [9] it was concluded that, for practical calculations,
the influence of the thermogradient coefficient, �, is small and can be ignored.
It was also concluded that the system of coupled partial differential equations
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can be used by treating the transport coefficients as constants, except for the moisture
diffusivity, D. Consequently, the resulting system of equations for temperature and
moisture content prediction becomes
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As initial conditions, uniform temperature and moisture content profiles are
assumed, that is,

Tðx, 0Þ ¼ T0, Xðx, 0Þ ¼ X0, for t ¼ 0 ð5Þ

The convective boundary conditions on the body surface at x¼L are given by:
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Figure 1. Scheme of the convective drying experiment.
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Figure 2. Scheme of the contact drying experiment.
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where the convective heat flux, jq(t), and mass flux, jm(t), can be written, respectively as:

jq ¼ hðTa � Tx¼LÞ

jm ¼ hDðCx¼L � CaÞ ð7Þ

The water vapor concentration in the drying air, Ca, is calculated by

Ca ¼ ’ psðTaÞ=461:9 ðTa þ 273Þ ð8Þ

The water vapor concentration of the air in equilibrium with the surface of the body
exposed to convection is calculated by

Cx¼L ¼
aðTx¼L,Xx¼LÞ psðTx¼LÞ

461:9 ðTx¼L þ 273Þ
ð9Þ

The water activity, a, or the equilibrium relative humidity of the air in contact with
the convection surface at temperature Tx¼L and moisture content Xx¼L is calculated
from experimental water sorption isotherms.

In the case of the convective drying experiment the problem is symmetrical, and the
boundary conditions on the mid-plane of the plate (x¼ 0) are given by
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In the case of the contact drying experiment the boundary conditions at the surface
x¼ 0, in contact with the heater that provides the heat flux q, are
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3. Parameter estimation

The estimation methodology used is based on the minimization of the ordinary least
square norm

EðPÞ ¼ ½Y� TðPÞ�T½Y� TðPÞ� ð11Þ

Here, YT
¼ [Y1,Y2, . . . ,Yimax] is the vector of measured temperatures,

T
T(P)¼ [T1(P),T2(P), . . . ,Timax(P)] is the vector of estimated temperatures at time ti

(i¼ 1, 2, . . . , imax), PT
¼ [P1,P2, . . . ,PN] is the vector of unknown parameters, imax is

the total number of measurements, and N is the total number of unknown parameters
(imax�N).

A version of Levenberg–Marquardt’s method was applied for the solution of the
present parameter estimation problem [10–12]. This method is quite stable, powerful,
straightforward, and has been applied to a variety of inverse problems. It belongs
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to a general class of damped least square methods [11]. The solution for vector P is
achieved with the following iterative procedure

P rþ1 ¼ Pr þ ½ðJrÞTJr þ �rI��1
ðJrÞT½Y� TðPrÞ� ð12Þ

where the superscript r denotes the number of iterations and the sensitivity matrix
is given by:
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Near the initial guess used for the iterative procedure of the Levenberg–Marquardt
method the problem can be ill-conditioned, so that a large damping parameter is
commonly initially chosen, thus making the term �I large as compared to the term
JTJ. The term �I damps instabilities due to ill-conditioned character of the problem.
Hence, the matrix JTJ is not required to be non-singular at the beginning of iterations,
but the procedure tends towards a slow-convergent steepest descent method. As the
iteration process approaches the converged solution, the damping parameter decreases
and the Levenberg–Marquardt method tends towards the Gauss’ method. The iterative
procedure of the Levenberg–Marquardt method is stopped if either the ordinary least
squares norm, E(P), the norm of the gradient of E(P), or the changes in the vector
of parameters become sufficiently small [12].

4. Results and discussion

For the direct problem solution, the system of equations (3) and (4) with initial
conditions given by equations (5) and boundary conditions given by equations (6)
and (10a) or (10b), has been solved numerically for a model material [5], involv-
ing a mixture of bentonite and quartz sand, with the following experimentally
determined thermophysical properties [9]: �s¼ 1738 kgm�3, �H¼ 2.31� 106 J kg�1,
c¼ 1550 JK�1 kg�1

db , k¼ 2.06Wm�1K�1, and "¼ 0.5.
The experimentally obtained desorption isotherms of the model material are given by

the following empirical equation [9]

a ¼ 1� exp ð�1:5� 106ðT þ 273Þ�0:91X ð�0:005 ðTþ273Þþ3:91ÞÞ ð14Þ

where the water activity, a, represents the relative humidity of the air in equilibrium
with the drying object at temperature, T, and moisture content, X.

The following empirical expression can describe the experimentally obtained
relationship for the moisture diffusivity of this material

D ¼ DXX
�2 T þ 273

303

� �DT

ð15Þ

where DX¼ 9.0� 10�12m2 s�1 and DT¼ 10.
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In the inverse problem investigated here, the values of DX, DT, �s, c, k, ", h, and hD
are regarded as unknown for the convective drying experiment. For the contact drying
experiment there is one additional unknown parameter, the applied heat flux, q. All
other quantities appearing in the direct problem formulation were assumed to be
exactly known.

For the estimation of these unknown parameters, the transient readings of a single
temperature sensor, located at the position x¼ 0, were considered available for the
inverse analysis. Simulated experimental data were used in this work. Such data were
obtained from the numerical solution of the direct problem presented above, by treating
the values and expressions for the material properties as known. In order to simulate
real measurements, normally distributed errors with zero mean and constant standard
deviation, �, were added to the numerical temperature responses.

4.1. Convective drying experiment

The vector of unknown parameters in the case of the convective drying experiment is

PT ¼ ½Dx,DT , �s, c, k, ", h, hD� ð16Þ

The possibility of simultaneously estimating the moisture content and temperature-
dependent moisture diffusivity together with other thermophysical properties of the
model material, as well as the heat and mass transfer coefficients in the convective
drying experiment, by using only temperature measurements, was already investigated
in [8]. Here, we will outline the main conclusions and results.

Following the conclusions of other published works [6,7] the selected drying air bulk
temperature, speed, and relative humidity were taken as Ta¼ 80�C, Va¼ 10m s�1, and
’¼ 0.12, respectively.

The analysis of the sensitivity coefficients has been carried out for a plate of thickness
2L¼ 6mm, with an initial moisture content of X(x, 0)¼ 0.20 kg kg�1

db and initial tem-
perature T(x, 0)¼ 20�C. Figure 3 shows the relative sensitivity coefficients Pj@Ti/@Pj,
with respect to all the unknown parameters, j¼ 1, 2, . . . , 8.

The temperature sensitivity coefficient with respect to the phase conversion factor, ",
is very small. This indicates that " cannot be estimated in this case. The relative
sensitivity coefficients with respect to the dry material density, �s, and the convection
heat transfer coefficient, h, are linearly dependent. This makes it impossible to simulta-
neously estimate �s and h. Due to these reasons and to the fact that the density of the
dry material can be relatively easily determined by a separate experiment, the density of
the dry material was assumed as known for the inverse analysis.

The relative sensitivity coefficient with respect to the thermal conductivity, k, is very
small, except for the moment when the body moisture content is nearly equal to its
equilibrium value. This is also a moment when a small evaporation rate and fast
body temperature increase occur. Temperature measurements of a single thermocouple
do not make it possible to estimate the thermal conductivity, if the initial guess is higher
than the exact value of the parameter. In the cases when the initial guess for thermal
conductivity is smaller than the exact value, the estimation of the thermal conductivity
by a single thermocouple temperature response of a thin drying plate is possible.
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An analysis of the determinant of the information matrix JTJ with normalized
elements confirms the previous conclusions. Figure 4 presents transient variations of
the determinant of the information matrix if five, (DX,DT, c, h, hD), six, (DX,DT, c,
h, hD, �s), seven, (DX,DT, c, h, hD, �s, k,), and eight, (DX,DT, c, h, hD, �s, k, ") parameters
are simultaneously considered as unknowns.

Based on the foregoing analyses of the sensitivity coefficients and of the determinant
of the information matrix, we now consider as unknown parameters for the inverse
problem the moisture diffusivity parameters, DX and DT, the specific heat, c, the
convection heat transfer coefficient, h, and the convection mass transfer coefficient,
hD. For the solution of such a parameter estimation problem with the Levenberg–
Marquardt method, we use simulated measurements of a single thermocouple, with
different levels of random errors, including �¼ 0 (errorless measurements), 0.2, and
0.5�C, respectively. Table 1 shows the parameters estimated for these different levels
of random errors. For comparison, the exact values for the parameters are also
shown in this table. The obtained results show good agreement between the estimated
and exact values for the parameters. For measurements with a standard deviation of
0.5�C, the maximum relative error between the estimated and exact values is 4.4%
for hD, but for the other parameters the error is smaller than 1%.

4.2. Contact drying experiment

The vector of unknown parameters in the case of the contact drying experiment is

PT ¼ ½Dx,DT , �s, c, k, ", h, hD, q� ð17Þ

The analysis of the sensitivity coefficients has been carried out for an infinite flat
plate with an initial moisture content of X(x, 0)¼ 0.20 kg kg�1

db and initial temperature
of T(x, 0)¼ 20.0�C. The possibility of simultaneously estimating the moisture content
and temperature-dependent moisture diffusivity together with other thermophysical
properties of the model material, as well as the heat and mass transfer coefficients
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Figure 3. Relative sensitivity coefficients for the convective drying experiment.
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and the applied heat flux, has been investigated for a variety of boundary conditions
and dimensions of the drying body.

The drying air bulk temperature, Ta, was varied between 20 and 80�C, the drying air
velocity, Va, between 3 and 10m s�1, the applied heat flux, q, between 1000 and
5000Wm�2, and the plate thickness L, between 3 and 6mm. The relative humidity
of the drying air was ’¼ 0.12. The best combination of the relative temperature sensi-
tivity coefficients with respect to all the unknown parameters, was obtained with
Ta¼ 20�C, Va¼ 10m s�1, q¼ 3000Wm�2, and L¼ 3mm.

Figure 5 shows the relative sensitivity coefficients Pj@Ti/@Pj with respect to all
unknown parameters. It can be seen that the relative sensitivity coefficients with respect
to the applied heat flux, the dry material density, and the convection heat transfer
coefficient are much larger than the other sensitivity coefficients. Due to the same
reasons underlined in the case of convective drying experiment, the phase conversion
factor and the dry material density were taken as known quantities for the cases
examined below.

Figure 6 presents the transient the variation of the determinant of the infor-
mation matrix if nine, (DX,DT, c, �s, k, ", h, hD, q), seven, (DX,DT, c, k, h, hD, q), six,
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Figure 4. Determinant of the information matrix for the convective drying experiment.

Table 1. Estimated parameters in the convective drying experiment.

Estimated values

Parameters Exact values �¼ 0�C �¼ 0.2�C �¼ 0.5�C
Relative errors
for �¼ 0.5 [%]

DX� 1012 [m2 s�1] 9.00 8.99 9.04 9.06 0.7
DT 10.0 10.0 9.999 10.1 1.0
c [JK�1 kg�1] 1550 1551 1550 1551 0.1
h [Wm�2K�1] 83.1 83.1 83.2 83.3 0.2
hD� 102 [m s�1] 9.29 9.29 9.12 8.88 4.4
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Figure 5. Relative sensitivity coefficients for the contact drying experiment.
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(DX,DT, c, h, hD, q), and five, (DX,DT, h, hD, q) parameters are simultaneously consid-
ered as unknown. Elements of the information matrix were defined for a large
but fixed number of transient temperature measurements (501 in these cases) [12].
The maximum determinant of the information matrix corresponds to the drying time
when equilibrium moisture content and temperature profiles have been reached as
can be seen in figures 7 and 8.

Table 2 shows the estimated parameters for �¼ 0.5, for five, six, and seven unknown
parameters. For comparison, the values of exact parameters and the values estimated
with errorless (�¼ 0) temperature data are shown in this table. Table 2 also shows
the initial guesses used for the Levenberg–Marquardt method, as well as the relative
errors for the case involving the estimation of seven unknown parameters. Estimated
values of similar accuracy have been obtained with other initial guesses. If the dry
material density and the phase conversion factor are considered as known, the
remaining seven (DX,DT, c, k, h, hD, q) parameters can be simultaneously estimated
with the relative errors within 2.9%. The accuracy of computing the parameters in
the case when six (DX,DT, c, h, hD, q) parameters were simultaneously estimated was
within 2%. In the case of simultaneous estimation of the moisture diffusivity
and the boundary condition parameters, (DX,DT, h, hD,q), the relative errors of
the computed parameters were within 1%.
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Figure 7. Transient moisture content and temperature profiles in the case of the contact drying experiment.

350 G. H. Kanevce et al.



5. Conclusions

The use of two types of experiments, convective and contact drying, for the solution of
the inverse problem of simultaneous estimation of thermophysical properties of a
drying body together with the boundary conditions parameters, by using only
temperature measurements, has been analyzed in this article.

Values of two moisture diffusivity parameters, the dry material density, the thermal
conductivity, the specific heat, the phase conversion factor, the convection heat transfer
coefficient, and the mass transfer coefficient were regarded as unknown quantities in
the convective drying experiment. In the contact drying experiment an additional
unknown parameter, the applied heat flux, was taken into account. In the convective
drying experiment, based on a single thermocouple transient response, it was possible
to estimate simultaneously five of the eight unknown parameters: the two moisture
diffusivity parameters, the specific heat, the convection heat transfer coefficient, and
the mass transfer coefficient. In the contact drying experiment it was possible to
estimate simultaneously seven of the nine unknown parameters: the two moisture
diffusivity parameters, the specific heat, the thermal conductivity, the convection
heat transfer coefficient, the mass transfer coefficient, and the applied heat flux.
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Figure 8. Volume-averaged moisture content and temperature changes during the contact drying
experiment.

Table 2. Estimated parameters in the contact drying experiment.

Estimated values

Parameters
Exact
values

Initial
guesses �¼ 0 �¼ 0.5 �¼ 0.5 �¼ 0.5

Relative errors
for �¼ 0.5 [%]

DX� 1012 [m2 s�1] 9.00 11.00 9.00 9.049 9.063 9.041 0.5
DT [–] 10.0 12.0 10.0 9.904 9.806 9.874 1.3
c [JK�1 kg�1] 1550 1300 1550 – 1533 1531 1.2
K [Wm�1K�1] 2.06 2.70 2.06 – – 2.12 3.1
h [Wm�2K�1] 68.7 80.0 68.70 68.697 68.64 68.59 0.2
hD� 102 [m s�1] 6.94 8.00 6.94 6.90 6.89 6.82 1.7
q [Wm�2] 3000 3500 3000 3000 2997 3003 0.1
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The application of the convective or contact drying experiment for the estimation of
the thermophysical properties of the drying body primarily depends on the available
experimental setup; but the use of the contact drying experiment allows for the
estimation of the thermal conductivity together with the other parameters.

Nomenclature

a Water activity
c Specific heat, JK�1kg�1

db

C Concentration of water vapor, kgm�3

D Moisture diffusivity, m2 s�1

h Heat transfer coefficient, Wm�2K�1

hD Mass transfer coefficient, m s�1

�H Latent heat of vaporization, J kg�1

I Identity matrix
jm Boundary mass flux, kgm�2 s�1

jq Boundary heat flux, Wm�2

J Sensitivity matrix
� Thermal conductivity, Wm�1 K�1

L Flat plate thickness, m
ps Saturation pressure, Pa
P Vector of unknown parameters
q Applied heat flux, Wm�2

t Time, s
T Temperature, �C
T Vector of estimated temperatures, �C
V Velocity, m s�1

x Spatial coordinate, m
X Moisture content (dry basis), kg kg�1

db

Y Vector of measured temperatures, �C
� Thermo-gradient coefficient, 1K�1

" Phase conversion factor
� Standard deviation
� Damping parameter
� Density, kgm�3

’ Relative humidity

Subscripts

a Drying air
s Dry solid
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