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Abstract: Fast and accurate flow calculation and performance prediction of multistage axial flow
turbines at design and oft-design conditions were performed using a compressible steady state inviscid
through-flow code with high fidelity loss and mixing models. The code is based on a stream function
model and a finite element solution procedure. A new design system has been developed which
optimizes hub and shroud geometry and inlet and exit flow field parameters for each blade row of a
multistage axial flow turbine. Optimization was performed using a hybrid constrained optimization
code that switches among the modules automatically in order to avoid local minima and to accelerate
design convergence rate. By automatically varying a relatively small number of geometric variables per
turbine stage it is possible to find an optimal radial distribution of flow parameters at the inlet and outlet
of every blade row. Thus, an optimized meridional flow path can be found that is defined by the
optimized shape of the hub and shroud while keeping blade shapes intact. The multistage design
optimization system has been demonstrated using an actual two-stage axial gas turbine as an example.
The comparison of computed performance of an already very high efficiency initial design and its
optimized design demonstrates more than 1 per cent improvement in the turbine efficiency at design and
significant off-design conditions. The entire design optimization process is feasible on a typical single-
processor computer workstation or a personal computer.
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1 INTRODUCTION

Multidisciplinary inverse design [1, 2] and optimization
design [3] methods that are currently developed for
turbomachinery applications incorporate aerodynamic,
thermal and structural calculation procedures [4, 5]. Most
of the early work focused on optimization of one-
dimensional pitchline design (for example, reference
{6]). This technique gives the optimum geometry of the
row at mean diameter and is widely used for preliminary
turbomachinery design. There were also early attempts at
optimizing multistage axial compressor meridional
planes [7] and a highly analytical approach at optimizing
inlet and exit boundary conditions for each blade row in
an axial turbine [8]. Massardo et al. [9] used a through-
flow code to optimize the spanwise distribution of an
axial compressor blade geometry. Egorov er al. [10, 11]
used a sophisticated stochastic optimization algorithm to
suggest means for improving a multistage axial com-
pressor performance. Cravero and Dawes [12] presented
a concept for optimizing the design conditions of an axial
turbine stage. The objective was to find a radial dis-
tribution of absolute swirl velocity at the inlet and exit of
a stator blade row and a rotor blade row that will mini-
mize the overall single-stage aerodynamic losses. They
used a standard streamline curvature through-flow
analysis code having standard loss correlations. A simple
polynomial parametrization of the swirl velocity and the
stator and rotor blade lean angles were used. For opti-
mization, they used a rudimentary gradient search
constrained minimization routine.

Petrovic et al. [13, 14] expanded on this general idea
by demonstrating a highly accurate and fast method of
maximizing efficiency of multistage axial gas turbines by
utilizing a high fidelity through-flow analysis code and a
robust hybrid constrained optimizer. The method auto-
matically determines an optimal shape variation of hub
and shroud without changing the original blade shapes.
As a by-product, it also automatically determines an
optimal radial distribution of flow angles at the inlet and
exit of every blade row. The optimized solution provides
for maximum multistage axial turbine efficiency. The
design system was demonstrated on experimentally
tested single-stage and two-stage axial gas turbines.

Once the optimized inlet and exit boundary conditions
of each blade row are found, a relatively inexpensive
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method of detailed inverse shape design of the entire
three-dimensional blade [15] or shape optimization of
two-dimensional airfoil cascades in each blade row [16]
can be performed subject to the optimized inlet and exit
boundary conditions. On the basis of these new detailed
blade shapes, it should be possible to repeat the
optimization of hub and shroud shapes and inlet and exit
boundary conditions, thus optimizing the shape of the
loss coefficient radial profile and turther improving the
turbine efficiency.

2 THROUGH-FLOW ANALYSIS CODE

A through-flow analysis method will be used as a cost-
effective alternative to a full three-dimensional multi-
stage Navier-Stokes flow analysis code. The through-
flow code was developed by Petrovic [17]. Itis based on a
classical through-flow theory [18] but includes significant
improvements and extensions. It is basically an inviscid
code with a high fidelity distributed loss model. A finite
element procedure with eight-node isoparametric quad-
rilateral elements and biquadratic interpolation functions
was applied to solve the distribution of a stream function
in a turbine meridional surface. The loss model devel-
oped by Traupel [19] was adapted to two-dimensional
calculations and applied in order to compute the loss
coefficient and the entropy increase. New models for
realistic radial distribution of losses, spanwise mixing,
two-dimensional deviation and off-design flow loss
prediction have been developed and introduced in order
to achieve high accuracy of the code. An important
feature has been added to encompass far off-design flow
phenomena (flow separation and flow reversal) and low
load operation at which the turbine’s last stage or a part of
it works with power consumption. All applied models are
based on a large amount of experimental data thus
enabling them to predict main flow losses very
accurately. More details about the analytical background
of the method and applied loss and mixing model are
given in a paper by Petrovic and Riess [20].

This through-flow code is able to calculate axi-
symmetric flow fields in axial multistage gas turbines
and steam turbines at subsonic and transonic conditions.
It can accurately and very quickly predict the flow field
and the turbine performance at the design load and over a
wide range of partial loads. The reliability of the method
was verified by comparing the calculations with the
experimental results for several gas and steam turbines
[20-22]. The comparisons of numerical results with
results of extensive experimental investigation show very
close agreement.

The through-flow code can be used in two modes:
analysis and design. In the analysis mode, the flow field
(distribution of p, T, 4, s and velocity vector components)
on a meridional surface and turbine overall performance
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are calculated for the specified turbine geometry and
fixed values of blade row inlet and outlet angles. For
optimization purposes, the through-flow code has been
rewritten in a design mode, in which the radial
distribution of the tangential velocity component is fixed.
The flow angle and turbine efficiency can then be
calculated.

3 CONSTRAINED HYBRID OPTIMIZATION
ALGORITHM

The design space for a typical optimization problem of
this type has a number of local minima. A typical
gradient-based optimization algorithm would quickly
terminate in the nearest local minimum which might not
even satisfy all of the specified constraints. In order to
avoid the local minima, it is advantageous to use a
constrained evolutionary hybrid optimization approach
[2-5, 23]. The hybrid constrained algorithm used in this
work incorporated four of the most popular optimization
approaches: a genetic algorithm, the Nelder—Mead
simplex method, simulated annealing and the Davidon—
Fletcher-Powell gradient search method. Each time when
a local minimum was detected, automatic switching logic
was used to change to another optimization algorithm.
Details of this algorithm are explained in a publication by
Dulikravich er al. [3]. The hybrid optimizer treated the
existence of constraints in three ways: Rosen’s projection
method, a feasible search and random design generation.
Rosen’s projection method provided search directions
which guided the descent direction tangent towards
active constraint boundaries. In the feasible search,
designs that violated constraints were automatically
restored to feasibility via the minimization of the active
global constraint functions. If at any time this constraint
minimization failed, a number of random designs were
generated using a Gaussian-shaped probability density
cloud about a desirable and feasible design until a new
design was reached. This hybrid constrained optimizer
accepts an arbitrary number of equality and inequality
constraints.

4 DESIGN OPTIMIZATION

The goal of the present optimization is to find the optimal
shape of the hub and the shroud and radial distribution of
inlet and outlet flow angles of every blade row that will
provide for the maximum turbine efficiency #, where

Ah + Cizn/z B Ciul/2
Ahg+ ¢ /2 — ¢, )/2

Hy =

Since the optimization algorithm is defined to minimize a
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fobj = —Hu-

scalar function, the objective function in this case is
During the hub and shroud geometry
optimization process, turbine mass flowrate s, total
enthalpy drop AA" and rotational speed n are Kept
constant. An updated version of Traupel’s loss model
[17] was implemented in the through-flow code to
compute the flow losses. In this model, the correlations
for profile, secondary and clearance losses are functions
of geometrical and flow parameters.

An analysis of loss correlations suggests that turbine
stage efficiency is a function of geometric parameters
(mean radius R, blade height A, pitch ., clearance radius
Rcp and height J¢,, trailing edge thickness Otg, chord
length) and flow parameters (inlet and outlet flow angles
B, B, deflection 6, Mach and Reynolds numbers Ma. Re.
incidence angle and velocity vectors). Some of these
parameters (d¢;, dg) have to be fixed. The others are not
independent: velocities, Ma and Re are functions of flow
angles, mean radius and blade height. Also, inlet angle is
a function of the outlet angle of the previous row and of
the incidence angle. Consequently, four parameters need
to be optimized for each stage of the multistage turbine:
radial distribution of flow angles and axial distribution of
mean radius and blade height.

However, it is easier to optimize the variation of the
following four parameters per stage of the multistage
machine:

(a) ¢, (R) = tangential component of velocity at stator
outlet;

(b) ¢,»(R) = tangential component of velocity at rotor
outlet;

(¢) Ruun(z) = hub radius;

(d) Rspyoua(z) = shroud radius.

From the optimized values of ¢,(R) and ¢,»(R) it is easy
to determine the corresponding optimized spanwise
distribution of angles.

The axial variation of hub and shroud radii can be
described by two spline functions [24]. Ryu(z) and
Rshroud(z). For simplicity, only four geometrical par-
ameters per stage for hub and four geometrical par-
ameters per stage for shroud were used. This can be easily
changed to an arbitrary spline representation of the hub
and shroud.

Tangential components of velocities at stator and rotor
exits were described, similarly to Cravero and Dawes
[12], by fourth-degree polynomials as a function of
relative blade height (0.0 < h < 1.0). This representation
needs the following ten parameters:

e = A =B+ CR + DI+ ER (1)
o = Ay - Bali + Gt + Dot + Esht’ (2)

One of these ten parameters can be obtained from a
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condition that the turbine total enthalpy drop remains
constant during the design optimization process. This
means that for a single-stage machine the integral of the
Euler equation over mass flowrate has to be constant for
every combination of flow and geometric parameters:

I
AR = [ (141 = uz¢,2) dif = constant (3)
Jo

Replacing ¢, and c¢,» in equation (3) with the poly-
nomials (1) and (2) gives

AR = Ajo(ly — ) 4)
N
B] — C] —2 D 4>
L=|R{l+—h+—h +— h h | d
A < A A, i A v
(5)
! 2 By C2 — Er —
Lo r(R2iB S P B2ty
P <A1+A1 Al + +A1 ) v
(6)
ARY
s )
ol — )

The stream function, ¥, and radius, R, are functions of the
relative blade height, h. This means that there are finally
nine flow parameters to optimize the tangential compo-
nents of velocities at stator and rotor outlets of a single
stage:

B, C D| E A B G Dy E g
AT A TAU AT A AL A A (8)
In summary, the total number of parameters to optimize
for every turbine stage is 17 (eight geometrical and nine
flow parameters).

In the case of a multistage turbine, the distribution of
the turbine enthalpy drop over the stages can also be
optimized while satisfying the following condition

LS

AR = Z AR}, = constant 9)

where ng is the number of turbine stages, AhY; is the
enthalpy drop of stage i and AK" is the turbine total
enthalpy drop. In that case, there are an additional ng — 1
parameters to optimize. If the enthalpy drop of every
stage is known, the same procedure [equations (3) to (8)]
should be performed for every stage in order to find the
corresponding set of nine flow parameters.

The first optimization cycle (iteration) starts with a
detailed initial turbine geometry and input flow data: r1,
Tin, Pin- The through-flow code in its analysis mode then
evaluates the overall performance of the initial con-
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figuration and initiates Ah(S)i and the distribution of ¢,
and ¢, for every stage. The optimizer then delivers an
improved set of geometrical (axial distribution of hub and
shroud radii) and flow (radial distribution of ¢, and c¢,,»)
parameters. A new finite element grid is then auto-
matically generated for the meridional flow field surface.
The through-flow code in its design mode then runs with
the new distributions of ¢, and ¢ 5, thus creating a new
set of flow parameters. The result is the spanwise
distribution of flow angles at the inlet and outlet of every
blade row and the overall turbine efficiency. Depending
on the achieved 5., the optimizer enters the next iterative
cycle by generating an improved set of parameters and
the iterative optimization process is repeated until the
maximum of efficiency is achieved (Fig. 1).

By running the through-flow code in its analysis mode,
the overall efficiency of the optimized configuration over
a wide range of part loads is then calculated in order to
check the optimized turbine performance at off-design
conditions. If the overall efficiency of the optimized
configuration at all expected operating conditions is
acceptable, the design optimization process is finished.

The iterative design process runs fully automatically.
The designer’s task is to prepare the input data and to set
constraints for design variables. The flow variables are
usually allowed to vary without any limits. The variation
of the rotor blade tip radius is often limited by the

INPUT
Initial geometry
l:in’ pin’ n,m

]
TF in analysis mode

|
Ah, T, M
Initial set of
parameters

n 1

max Optimizing routine
[

New set of parameters
I n

New grid distribution
]
New distribution of
C, C

u2

1 TF in delsign mode ‘
|

TF in analysis mode
Turbine overall perfformance
Off design analysis

Fig. 1 Optimization algorithm
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Fig. 2 Enthalpy fields of initial and optimized single-stage turbine

maximum stress at the rotor root, i.e. by the maximum
allowed tangential velocity if the rotating speed is fixed.

5 EXAMPLES OF TURBINE OPTIMIZATION

The first reported use of this turbine design methodology
was an example [13] involving a single-stage uncooled
transonic axial gas turbine that was experimentally tested
by Foerster and Kruse [25]. At the design conditions, the
calculated value of turbine efficiency was #, = 0.8952,
while the experimentally measured value was 5, =
0.8940 thus confirming the high accuracy of the
through-flow code. The multistage design optimization
method was able to increase the maximum efficiency of
this turbine to 7 o = 0.9154. Although optimized for a
single design operating point, the part load behaviour of
the optimized turbine was significantly better over a wide
range of load. Only at very far off-design conditions did
the initial configuration show higher efficiency.

Later, on improving the optimizer search algorithm
and the connection between the optimizer and the
through-flow code, the turbine performance has been

Initial configuration

improved further. The efficiency of the new optimized
configuration was #yop = 0.9175. This represents an
absolute improvement of approximately An, = 2.2 per
cent. Also, at part load the new turbine was better over the
entire operating range than the initial configuration.

Figures 2 to 4 depict the initial and the optimized
shapes of the hub and the shroud and the corresponding
field distributions of enthalpy, Mach number and entropy
at the turbine design operating conditions.

The next example is a two-stage uncooled NASA
axial turbine that was experimentally tested and
described by Whitney et al. [26]. This well-documented
set of experimental data has been used to check the
accuracy of numerical results and to demonstrate the
capability of the proposed multistage turbine design
optimization system. The turbine was intended for high
temperature engine application. The turbine had a mean
diameter of 660.4 mm. The mean blade height in the first
stage was 100 mm. The blade height in the second stage
was 134.6 mm at the stator outlet and 148.6 mm at the
rotor outlet. Equivalent design speed was N/\/0. =
4407.36 r/min where 6, is the squared ratio of critical
speed at turbine inlet to critical speed of sea level air. The
turbine operated at an overall pressure ratio ranging from

=
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Fig. 3 Mach number fields of initial and optimized single-stage turbine
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Fig. 4 Entropy fields of initial and optimized single-stage turbine

1.4 to 4.0. The design pressure ratio was ng = 3.2. The
experimentally measured efficiency of the initial config-
uration was already extremely high: 7, = 0.9320. To
check the through-flow code accuracy in its analysis
mode, a calculation of the turbine flow at the nominal
rotating speed was performed. At the design conditions,
the through-flow analysis code predicted the value of
turbine efficiency as #, =0.9307 (Fig. 5), while the
experimentally measured value was n,, = 0.9320 [25].
Next, the two-stage turbine was optimized while
keeping constant rotational speed, mass flowrate, total
enthalpy drop, number and shapes of blades, rotor tip
clearance, blade chord lengths and blade trailing edge
thicknesses. Only a small increase of the first rotor tip
diameter and no increase of the second rotor tip diameter

were allowed. A polynomial spline discretization of the
hub and shroud geometry was performed using the radii
indicated in Fig. 6 as design variables.

The through-flow code in its design mode needed
approximately 15 s to find each flow field solution on a
personal computer with 400 MHz processor. The grid
refinements study was performed to make computing
time shorter. It was concluded that the use of ten elements
in the radial direction and three elements per blade row in
the axial direction gives very good results. Thus, the
applied computational grid had only 250 elements. Here.
the finite element method with eight-node isoparametric
quadrilateral elements and biquadratic interpolation
functions was used. In this particular example where
the initial two-stage axial turbine already had an
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> o
& 09
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Q0
o
e
w 0.875
w (
=
e}
5
2 085
0.825
& Experiment
Calculation
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Pressure Ratio

Fig. 5 Efficiency of two-stage turbine at design rotating speed
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Fig. 6 Hub and shroud discretization of the two-stage turbine

extremely high efficiency, about 2000 through-flow runs
in the design mode were necessary to find the turbine
stage configuration that gives the maximum total-to-total
efficiency. This would have consumed an unacceptable
amount of computing time if a fully three-dimensional
multistage Navier—Stokes flow field analysis code was
used instead of the fast augmented through-flow code. It
was assumed that both blade count and radial variation of
chord lengths have already been determined by some
preliminary design procedure (e.g. meanline optimiza-
tion). Conceptually, it would be possible to include both
of these parameters and other design parameters deemed
to be influential in the multistage efficiency optimization.

The resulting optimized meridional flow path became
significantly different in comparison with the initial flow
path (Fig. 7). The corresponding maximum computed
value for the optimized turbine efficiency was increased
10 Huope = 0.9424. This represents an improvement of
Ane = 1.17 per cent over the efficiency of the initial
configuration (i ;i = 0.9307). Figure 8 demonstrates
the superior performance of the optimized configuration
over the entire range of operating conditions when
compared with the performance of the initial turbine
configuration.

The changes in tangential components of velocity are
presented in Fig. 9. Comparisons of spanwise distribu-
tions of blade exit metal angles, flow losses, reaction and

Optimized configuration

wn
=N
o

stage efficiency for the initial and the optimized con-
figuration are presented in Figs 10 and I1. Figure 12
shows the computed flow field entropy distribution in the
initial and the optimized configuration.

It can be seen that it was not possible to reduce the flow
loss coefficient in the turbine blade rows (Fig. 11). Even
in the hub region of the first stator and in the shroud
region of the first rotor, the loss coefficients are higher
owing to increase of the clearance radii. A reduction of
secondary loss coefficient was possible in the second
rotor in both hub and shroud regions (Fig. 11). The flow
losses and the entropy increase have been reduced (Fig.
12) by a more suitable distribution of the enthalpy drop
between stator and rotor in both stages. This was
achieved by decreasing the tangential absolute velocity
component at the exit of the blade rows (Fig. 9). i.e. by
changing the metal outlet angles of the blades (Fig. 11).
The degree of reaction has been increased in the second
stage and slightly decreased in the first stage (Fig. 10).
The optimized configuration has a degree of reaction at
the blade mean radius of approximately 0.35 in the first
stage and 0.60 in the second stage. The efficiency of both
stages was definitely improved (Fig. 10).

6 CONCLUSIONS

A design system for multistage axial turbine hub and
shroud geometry optimization has been developed. The
system uses a fast and accurate through-flow aerody-
namics analysis code and a robust constrained optimiza-
tion algorithm. The analysis of loss models has indicated
that there are at least 17 parameters per turbine stage that
could be optimized: eight geometrical parameters to
describe the shapes of the hub and the shroud and nine
flow field parameters to describe the spanwise variation
of tangential component of velocity at stator and rotor
exits. By varying these |7 parameters per turbine stage.
the optimization code automatically searches for the flow
field and the turbine hub and shroud geometry that give
the maximum efficiency. This design system has been
successfully applied to optimization of the meridional

Initial configuration

Fig. 7 Initial and optimized meridional flow paths in the two-stage turbine
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Fig. 9 Spanwise distribution of blade exit tangential veloci-
ties in the initial and the optimized two-stage turbine
configurations
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Fig. 10 Comparison of reaction and stage efficiency along the
blade span in the initial and the optimized two-stage
turbine configurations
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flow path and radial distribution of circumferential mean
flow angles in a two-stage axial gas turbine. The achieved
efficiency of the optimized configuration was 1.17 per
cent better than the efficiency of the initial configuration
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Fig. 11 Spanwise distribution of blade exit metal angles and
flow losses, in the initial and the optimized con-
figurations
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at the design load. The through-flow code in an analysis
mode was applied to analyse off-design behavior of the
optimized configuration which was found to perform
better over the entire range of loads compared with the
initial configuration. The same design optimization
procedure is applicable to multistage steam turbines.
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