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Abstract

A new numerical method for solving inverse
aerodynamic shape design problem of airfoils in a linear
periodic cascade using a fully-viscous compressible
flow model has been developed. The general inverse
problem refers to the problem in which the pressure
distributions on suction and pressure surfaces of the
airfoil are given, but the corresponding airfoil shape is
unknown. The calculations are performed directly in the
physical plane by Navier-Stokes equations employing
nonorthogonal curvilinear H-type grid and
nonorthogonal velocity components. In this article, the
MacCormack's explicit time-marching algorithm with
Baldwin-Lomax turbulence model are adopted as the
basic flow solver. In order to satisfy the specified
surface pressure distribution, the blade surface points
move regularly with integration time steps until zero
surface normal velocity is reached. Comparison of
numerical and experimental results indicates that the
method is very effective.
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¢ reciprocial base vector of x' coordinate system
g Jacobian of the matrix gij
&; covariant metric tensor of x' coordinate system
gl~l contravariant metric tensor of x' coord. system
h enthalpy per unit mass
n number of iterations
P thermodynamic pressure
P point in the flow field or on the airfoil
R specific gas constant
bz cylindrical coordinates
T absolute temperature
t time, or spacing between airfoils in a cascade
w fluid velocity vector
w; covariant component of fluid velocity vector
w' contravariant physical component of fluid
. velocity vector
x nonorthogonal curvilinear coordinates
ij Christoffel symbol of the second kind
M Ap=tir-(p,-9y
k coefficient of thermal conductivity of the fluid
u coefficient of shear (molecular) viscosity
My coefficient of turbulent viscosity
Hij elements of the viscous stress tensor
p fluid density
o total pressure recovery coefficient
O=Py/ Py o0
Subscripts
o stagnation
-00 inlet boundary
+00 exit boundary
p pressure surface

s suction surface



Introduction

The aerodynamic design of high-performance
turbomachinery blades is presently performed by
combining a quasi three-dimensional inverse design

with a fully three-dimensional analysis process1 2 The
numerical simulations of the two-dimensional and three-
dimensional inverse problems will play very important
role in the design system (Figure 1) leading the
optimization of turbomachinery blade shapes.

A variety of schemes for solving inverse and
mixed-type shape design problems have been

dcveloped3'8 in order to improve the design of

turbomachinery airfoil cascades” 14, In practice, better
results have been obtained by combining direct problem
(analysis) schemes with the inverse (design) problem

schemes14'16. However, most of these methods are
based on the inviscid flow models. To adequately
represent the physics of the flow, it is necessary to
consider the fluid viscosity in the solution of the
inverse problem as well as in the direct problem of
cascade flows. The two usual methods for considering
the influence of fluid viscosity are the interacting

viscous/inviscid approach17 1816 114 the method of
directly solving some form of the Navier-Stokes
equations. The former approach has the advantage of
being simpler and faster, although it is less robust and
it cannot adequately resolve flow separation region,
shock/boundary layer interaction, wake flow, etc.

In this paper, the numerical method for directly
solving viscous inverse problem using Navier-Stokes
equations is attempted. Based on the equations derived
in non-orthogonal curvilinear boundary-conforming
coordinates and corresponding non-orthogonal velocity
vector components, the explicit time-marching al gorithm
is adopted and the boundary conditions on the surfaces
of the airfoil cascade are treated in a special manner. In
the iterative process, the airfoil surfaces are movable like
the elastic film shapes that change when subjected to
the desired surface pressure distribution.

Governing Equations

Based on nonorthogonal curvilinear coordinates
and corresponding nonorthogonal velocity
componentslg, the following governing equations
written in conservative form are employed20 21 using
tensor notation.

Mass conservation:
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Momentum conservation in circumferential direction:
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Momentum conservation in locally streamwise
direction:
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Equation of state for a thermally perfect gas:
p=pRT
Stagnation enthalpy per unit mass:
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Here, xl is along circumferential direction and x2 is
along the local streamwise direction on the airfoil
surface. Elements of the viscous stress tensor are

aw. Iw.
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HU—H( i 39 2"k 38V w) (8)

where Christoffel symbols of the second kind are

do- do- da:.
kK 1 0%h  9%h 98
M=z (55 + o ) ®

Turbulence was modeled using Baldwin-Lomax

turbulence model22. This paper describes one of the
first-known attempts to develop a useful-shape inverse
design code that utilizes Navier-Stokes equations and
accounts for compressibility, flow separation and
turbulence effects.

Numerical Method

The MacCormack's explicit predictor-corrector time

marching scheme23 was used in the numerical solution
of the compressible Navier-Stokes equations. In the
calculation of inverse problem, because the airfoil
profile is unknown beforehand, an initial profile shape
must be provided. In principle, the initial shape may be
selected within a wider range of realistic configurations.
The computational process for the inverse problem is
similar to the more common direct problem, but the
manner of treating boundary conditions on airfoil
surfaces is different. In the direct problem, the no-slip

condition is imposed at the blade surfaces, that is w2 =

w1=0.

In the inverse problem, the surface pressure
distribution, which is obtained from the specified
pressure coefficient distribution, is enforced iteratively

together with w2 = 0. This will result in w1 #* 0 on
the pressure and suction surfaces. Hence, the airfoil

surfaces could be moved in the x! direction by the
amount w1 At with each iteration time steps until the

convergence is reached, that is, until wl=0is satisfied
on the final surface configuration. This concept requires
only minor modification in a boundary conditions
subroutine of any standard flow analysis code since itis
essentially a surface-transpiration concept where the

surface movement velocity could be chosen to equal wl.
The computational grid needs to be changed with each
update of the blade profile. Thus, the aerodynamic
parameters need to be transfered between old and new
grid points by an accurate interpolation method. We
used locally bilinear interpolation for this purpose.
Boundary conditions at the other boundaries of the
computational domain (inlet, exit, parts of the airfoil
surface that intentionally are prevented from changing)
are the same as in the case of an analysis problem. In
our case, at the inlet boundary , the stagnation pressure,

stagnation temperature and the inlet flow angle are
specified, while the density is computed from the
interior of the domain. At the exit boundary, the static
pressure is imposed, while the density and the
contravariant physical components of velocity are
extrapolated from the adjacent interior grid points.
Along periodic boundaries, standard periodic boundary
conditions are readily used since we utilized a
geometrically periodic H-type grid which in turn are
acceptable for sharp leading and trailing edges only.

Computed Results

Based on the method presented in this paper, a
Navier-Stokes equation (NSE) inverse shape design
code has been developed for linear cascades of airfoils.

The test cases No.1 and No.2 are two linear
cascades for subsonic flow with different desired
distributions of surface pressure coefficients (Fig. 2).
Both test cases have the same inlet and exit flow
conditions which are: inlet Mach number M-oo =044,

inlet angle &y = 30 degrees, and exit-to-inlet pressure

oo/p-oo =1.028. The calculation was performed

on a boundary-conforming H-type grid having 56 cells
in the streamwise direction consisting of 13 cells
between inlet and leading edge clustered towards the
leading edge, 20 uniform grid cells from the leading
edge to trailing edge, and 23 grid cells between the
trailing edge and the exit boundary with declustering
towards the exit. There were 43 grid cells in the
circumferential direction. These cells were strongly
clustered towards the airfoil surfaces with the high
resulting maximum cell aspect ratios. The number of
total time steps used was n = 40,000 since we used an
explicit code. In the calculation process, when n <
20,000, the flow ficld was calculated by solving the
direct (analysis) problem in order to create a better
steady initial flow field for the inverse problem. When
n = 20,000, the method solving the inverse problem is
activated. Figure 3 shows the comparison of airfoil
profiles generated by the NSE inverse design code for
test cases No.1 and No.2. Figures 4-a, 4-b, 5-a and 5-b
show the airfoil-to-airfoil velocity profiles for the two
test cases at different axial locations. Figures 6-a and 6-
b show the details of streamwise velocity profiles in the
regions with separated flow near the suction surfaces of
the two test airfoils. Figures 7-a and 7-b show the
computed turbulent viscosity coefficient, e profiles at

ratio, p A

several axial locations for the two airfoils. Figures 8-a,
8-b, 9-a and 9-b show the wake velocity and the total
pressure recovery coefficient, g, profiles at several axial
locations downstream of the cascade trailing edge.

Comparing the computational results of previous
two cascades designed by the NSE inverse code, it can
be seen that the locations of initial separation points are
significantly different. The flow in test case No.1 starts
separating at 60% of the chord length, while flow
separation occurs at 75% of the chord Iength in the test
case No.2. This demonstrates the capability of our
inverse shape design code to create cascades of airfoils
with significantly delayed flow separation.



The test case No.3 is an example for transonic flow
with inlet Mach number M =0.83, inlet angle o

= 30 degrees, and exit-to- mlet pressure ratio, p

00

+oo -00
= 1.18. The airfoil shape of the test cascade was
obtained by an inverse code which combines an inviscid
flow inverse code and a modified boundary layer

code?4. In this paper, this airfoil was used as the initial
shape. Surface pressure coefficients which are very
close to the experimentally obtained values were
adopted as the target (desired) values (Fig. 10). Figure
11 shows very good agreement between the airfoil shape
used in the experiment and the shape generated using
our NSE inverse design code. Figures 12 and 13 show
the airfoil-to-airfoil profiles of velocity magnitudes at
different axial locations. Figure 14 shows the enlarged
details of the flow reversal profiles at several axial
locations. It can be seen that the initial flow separation
point of this cascade is at 50% of the chord length.
Nevertheless, minimizing the flow separation may be
quite a time consuming objective involving actual
numerical optimization that is still prohibitively
expensive when utilizing Navier-Stokes equation
solvers. A more economical approach is to use certain

fast semi-empirical rules to detect flow separation25 in
the input (target or desired) surface pressure coefficient
distribution which can then be easily modified before
attempting the actual inverse NSE shape design. Figure
15 shows airfoil-to-airfoil profiles of turbulent viscosity
coefficient at different axial locations.. Figures 16 and
17 show the distributions of wake velocity and total

pressure recovery coefficient (which can be greater?®
than 1.0) at different axial locations downstream of the
cascade trailing edge. The result of this example also
shows that the shock-free supercritical cascades may be
designed by a full viscous inverse design code.

Conclusions

Based on a method for the flow analysis, a new
method for the solution of inverse shape design was
developed that is based on a complete set of Navier-
Stokes equations for unsteady, compressible turbulent
flows. The pressure coefficient distributions on the
airfoil surfaces were taken as given boundary conditions
in the inverse problem. The computations are completed
directly in physical plane using the governing equations
in conservative form expressed in the non-orthogonal
curvilinear boundary-conforming coordinates and
corresponding non-orthogonal velocity vector
components. The results of these examples indicate that
in this method the effect of fluid viscosity may be
considered more accurately and reasonably. As a by-
product of this inverse design method, the details of the
flow field (flow separation regions, wake velocity
profiles, etc.) are also obtained. It may be expected that
in the future the present inverse shape design method
will be conveniently expanded into the solution of fully
three-dimensional viscous turbulent rotating flows.
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