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Introduction

At high subsonic inlet Mach numbers, transonic cascade
flow is usually characterized by local supersonic regions. In
order to avoid strong shock losses and minimize viscous losses
the blades should be shaped to provide supercritical flow with
nearly isentropic recompression at the design point. The
general aim is to obtain larger ranges of operating inlet Mach
number and incidence angles while keeping the losses accept-
ably low at the same time. During off-design performance
these losses are mainly due to shock waves terminating the
supersonic regions and interacting with the boundary layer.
Changes in the profile thickness of the order of the boundary
layer displacement thickness, particularly in the supersonic

-region, may shift a shockless cascade flow into a shocked

flow.

Thus, careful blade design requires an accurate prediction
method including viscous/inviscid interaction effects.
Although solving the Navier-Stokes equations in the whole
flow field would certainly be the most complete model, we
prefer the efficient approach of iterating solutions in different
parts of the flowfield to a composite solution until con-
vergence is achieved. At the high Reynolds numbers of prac-
tical interest the shear layers are thin and viscous effects can be
attributed to an overall viscous/inviscid interaction between
boundary layer, wake, and external inviscid flow. The general-
ly weak global interaction may be significantly augmented at
transonic speeds by strong local interactions between the
shock wave and the turbulent boundary layer as well as be-
tween the external inviscid flow and the highly curved
streamlines in the near-wake region at the trailing edge. Here
we have to account for large normal pressure gradients, which
cause the usual boundary layer assumptions to break down.

Contributed by the Gas Turbine Division for publication in the JoURNAL oF
TURPOMACHINERY. Manuscript received by the Gas Turbine Division November
7, 1984. .

Joumal of Turbomachinery

Supercritical Cascade Flow
Analysis With Shock-Boun
Layer Interaction and Shoc
e | Redesign

is code for steady
The full potential
and an analytical

of airfoils.

To describe the local interaction of a nors
turbulent boundary layer we apply the anp
Bohning and Zierep [1, 2]. This model yield
small perturbation solutions of the Navier:
for a thin viscous sublayer adjacent to the wh
shear layer for the main part of the boun
embedded these solutions in an integ

al shock with the
ytical model of
s nonasymptotic
Stokes equations
and an inviscid
dary layer. We

gral| boundary layer
method [3] and iteratively coupled them usipg a displacement
thickness concept to an outer potential flow solver [4]. The

wake is presently incorporated by a simple ' nalytical model.

Although different in its individual calculation procedures
and their coupling, this process may be | ompared to the
“Grumfoil’”” code developed by Melnik et al. [5]. This work
was recently extended by Inger’s shock bgundary layer in-
teraction treatment [6]. While the Grumfo algorithm takes

better account of strongly curved near-wake flow, due to the
implementation of the results of Melnik and Chow [7], our
code is developed for cascade flows and incorporates an extra
design option. As outlined already for inviscid cascade flow in
(8], the fictitious gas concept is applied to ovide modifica-
tions of the blade contour necessary to allow for shock-free
flow at supercritical operating conditions. Itjis that flexibility
of the code which provides the practicing engineer with a tool
to analyze a given cascade’s performance and redesign it in
order to improve its efficiency.

Computational Grid Generation

Using a finite area technique for the in cid flow computa-
tion the grid does not have to be stri¢tly orthogonal.
Therefore, we generate the grid very econom
ing two analytically defined conformal mapp
Scparate coordinate shearing and stretching [transformations
[10]. This significantly speeds up the o computation
since in our viscous/inviscid coupling pr: re the grid has
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to be repeatedly created for each global iteration cycle not on-
ly due to the varying displacement thickness but also due to
the local grid reclustering at the intermediate shock positions.

When a shock capturing technique is employed, the shock
discontinuity is approximated by strong gradients of the flow
variables due to artificial viscosity added in the supersonic
region. The distance over which the jump is smeared is
generally of the same order of magnitude as the shock-bound-
ary layer interaction  zone, especially at the high Reynolds
numbers of interest. Thus the localization of the smearing
yields another reason for smooth grid refinement at the shock.

Our grid-generating procedure requires just the position of
the shock along the chord and the distance between two sur-
face points where clustering additional to the leading and trail-
ing edge regions is desired. A detail of the grid around a com-
pressor blade shown in Fig. 1 is depicted in Fig. 2, showing
that the grid is clustered on the upper surface at x/c = 0.33.

Inviscid Flow Analysis

As already mentioned, we use the full potential equation
(1- 82/a%)®,, +2($,2,/a%)®,, + (1 - $2/a%)®,, =0 )}

This may be regarded as the continuity equation for an in-
viscid isentropic steady flow of an ideal gas. We numerically
solve its divergence-free form to treat discontinuous solutions
properly

(pu),+(pv),=0 )

In addition to conservation of mass and energy, we impose
constant entropy as a third condition. Thus the momentum
equation cannot be satisfied across isentropic shock waves,
which means that the preshock Mach number should not be
substantially greater than 1.3 to limit the deviations from the
correct Rankine-Hugoniot jumps.

As described in earlier papers [4, 8], the finite area tech-

— nique is used to solve equation (2) subject to uniform flow

conditions at the upstream and downstream flow field
boundaries. '

Treatment of Viscous Layers

For the computation of the boundary layer we employ
Rotta’s integral dissipation method [3]. It solves
simultaneously von Karman’s momentum equation and the
mechanical energy equation, utilizing additional empirical
relations for the shape factors, the skin friction coefficient,
and the dissipation coefficient.

When we march under the shock, normal pressure gradients
cause a perturbation of the boundary layer. Neglecting the
dependence of the undisturbed flow in the streamwise direc-
tion within the sinall interaction region, Bohning and Zierep
derived linearized perturbation equations from the continuity,
Navier-Stokes, and energy equations. As their model has been
already described in the literature [1, 2], only a brief look at
some of its essential features will be given here. Following
Lighthill’s concept the turbulent boundary layer is divided in-
to two compressible layers (see Fig. 3). In the outer layer fric-

- o |
T 11 1‘
S 171 7 1
S F—F—F
.0
- Tt
-.5-
-5 .8 5 1.6 1.5 28

X :
Fig. 1 C-type grid for a staggered compressor camdo? with wake
Included :

il

-.2

2 .2 ¥ .6 .8 1.
- X N
Fig.2 Local grid clustering at x = 0/0.331

o oo

_ .
-~ Edge of Turbulest
Boundary Layer

Compression

wall Layer

Incoming Velocity Protile
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layer as a yet unknown parameter. Within the i
which turns out to be of the order of 1 percent of thi

tion is considered only due to the incoming undisturbed veloci- layer thickness, the Mach number typically decreases from
Nomenclature
a = speed of sound 8, = boundary layer momentum
¢ = cascade airfoil maximum M = Mach number thickness L
chord length Re = Reynolds number 8; = boundary layer ene
C, = pressure coefficient w = velocity thickness i
g = gap distance between leading 8 = flow angle measured from the p = fluid density
edges of two neighboring air- circumferential direction & = velocity potential
foils in the cascade B, = stagger angle w = relaxation coefficiegit
H,, = boundary layer shape factor &, = boundary layer displacement ? = axial velocity densify relation
= §,/8, thickness = (p,w, sin 8,)/(pyw, sin B,)
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about 0.5 to zero at the wall. A closed-form solution of the
linearized compressible boundary layer equations yields on
one hand the thickness of this layer and on the other hand
~in combination with a suitable law of the wall for the un-
disturbed profile — the wall shear stress.

As the basic incoming boundary layer quantities are frozen
over the streamwise extent of the interaction region, the var-
iations of the perturbations have to vanish at x— #o. Thus
the solution must exhibit an asymptotic behavior. Actually,
because of its exponential decay, the wall pressure perturba-
tion, for example, tends to zero within a few boundary layer
thicknesses (typically within 2 percent of chord). Having
replaced the assumed analytical structure of the inviscid
pressure distribution in the original version by the numerical
calculation of the external flow field, we attach the perturba-
tion solution to the ordinary boundary layer calculation at
such streamwise locations that the latter will not be subjected
to the sharp pressure rise across the shock. These locations,
although depending on Reynolds number and grid refinement,
are usually given by the extent of potential shock smearing due
to artificial viscosity, as mentioned before. At the end of the
interaction zone we have all possible integral boundary layer
quantities at our disposal. Solving for the displacement
thickness we evaluate 8, and the shape factor Hy, at the end of
the interaction and submit these quantities to reinitiate the
boundary layer code after the shock.

At present we treat the wake as a viscous displacement
model of constant thickness given by the sum of the trailing
edge and boundary layer displacement thicknesses. Instead of
fulfilling the Kutta condition the wake is adjusted to the solu-
tion with regard to pressure equality on its upper and lower
surfaces by iterating on its curvature only. Within the overall
iteration process between inviscid and viscous parts of the
flow field this concept can easily be extended to a more ap-
propriate wake treatment including other parameters, e.g.,
variable wake displacement thickness and/or variable exit
flow angle [11].

Viscous-Inviscid Coupling

In transonic flow over an airfoil we are concerned with
regions of weak and strong viscous/inviscid interactions. The
weak interaction arises from boundary layer displacement and
global wake curvature effects. Here we have no convergence
problems following the direct global iteration approach;
Prescribe the inviscid pressure distribution as a boundary con-
dition for the boundary layer calculation and use the resulting
displacement thickness to correct the airfoil contour for
blockage effects.

When adverse local pressure gradients cause stronger in-
teraction the direct iteration approach becomes unstable.
Damping of the instability is usually provided by underrelax-
ing the displacement thickness. At the location of very strong
pressure gradients due to shock waves or highly curved
streamlines in the near wake this procedure would require
vanishing relaxation coefficients. At the same time the or-
dinary boundary layer equations no longer represent the ade-
quate model.

Having partially accounted for this problem by employing
the Bohning-Zierep interaction theory at the shock, we still
encounter stability problems on the suction surface near the
trailing edge. At present we circumvent this shortcoming by
linearly extrapolating the pressure distribution to be submitted
to the boundary layer code from about 97 percent of the chord
up to the trailing edge.

In the potential flow calculation we use a grid-refinement
sequence consisting of four consecutively refined grids. In
order to save time we could use the ordinary boundary layer
integral code on a coarse grid during the first iterations even in
the shock region, if the pressure gradient were sufficiently
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smeared. Hence we introduce a simple analtical function to
smear out the pressure rise widely across the inviscid shock
during the first two global viscous/inviscid #erations. In fact
the adverse velocity gradients predicted by
code in regions of strong interaction are much greater than
they will be in the final converged state. So, jn anticipation of
the qualitative form of the final result, we are able to increase
the convergence rate of the global iterati procedure while
assuring its stability. Thus the boundary layer code does not
signalize separation due to shock-induced st Ng pressure gra-
dients during the early stage of the iterative process. In order
to get a smooth transition to the actually cglculated inviscid
pressure distribution, which is submitted to the viscous part of
the employed local analysis on the third and fourth grid, we
also underrelax the pressure. Applying this §imple procedure
the shock moves only a few grid points g the iterations
and convergence is generally obtained after five to seven
global cycles.

|
Results |

In order to minimize effects of the trailin
treatment of the viscous flow still needs| substantial im-
provements, we choose as a first exampld the symmetric
NACA 0012 profile at zero incidence and a fiee-stream Mach
number of 0.77. Starting the iterative cycle pn a coarse grid
with only 20 grid points along the suctibn surface, the
resulting pressure distribution of the inviscid flow field
calculation shown in Fig. 4 (a) is analytically $meared out over
the shock region. Thus the ordinary bounds| layer method
employed over the whole profile up to the third global itera-
tion does not immediately signal turbulent separation. The
resulting displacement thickness (indicated bV crosses in Fig.
4a) is underrelaxed (solid line in Fig. 4b) bef:
the profile contour. At the third and fourth s eps (Fig. 4c, d)
the grid size is halved each time. Near the shock the grid is
clustered just to such an extent that unphysical preshock peaks
in Mach number are avoided. On the finest giid (Fig. 44, e, f,
&) the interaction theory is employed in the shock region and
the whole viscous calculation subjected to dn underrelaxed
pressure distribution. The main effect of rela ng the pressure
is again to smear out the streamwise pressurg gradient while
the shock is still moving during the iteratipn and thus to
stabilize the process of finding stationary ositions of the
shock and the accompanying boundary layer [thickening.

Finally, when global convergence is achieve , the boundary
layer is subjected to the correct pressure distri ution, its jump
across the shock being felt as sharp as provideq by the inviscid
flowfield calculation in connection with localgrid clustering.
Due to inviscid potential shock smearing the fontinuous wall
pressure distribution at this high Reynolds nushber practically
coincides with the pressure at the outer edge af the boundary
layer. For reasons of clarity only the latter §s shown in the
figures. Since our finite area inviscid flow anig ysis code can
oduced by the
interaction theory, no additional smoothing i needed. Thus
the very small change in displacement thickness occurring at
transition from laminar to turbulent bounda i. layer (x/c =
0.07) is evident in the pressure distribution Ig- 4g2).

When the inviscid flow begins to react with| the steeper in-
crease in displacement thickness (Fig. de, J &) the previously
observed inviscid postshock expansion at
gradually vanishes. For the pre- and postshock
taken from the sample calculation the shock
(Fig. 5) leads to a deflection angle of 3.85 dey
embedded within the limits given for sonic
maximum deflection at an attached shock,
feature which is also confirmed by experimen

Changing over to a typical user-oriente
analyze an actual supercritical blade section |

edge, where our

polar diagram
k. This value is

nditions and
&spectively: a
observation.
problem we
developed and
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tested by Rechter et al. [14] for a transonic compressor
cascade at an inlet Mach number of 0.8. The stator is
distinguished by a flow turning angle of 37 deg and a gap-to-
chord ratio of 0.83. The design was aimed at a shock-free
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Fig. 4 Iterative sequence of pressure coefficient and displacement
thickness for NACA 0012 profile (M = 0.77, Re = 49 x 1 '.p = 0 deg)

recompression with attached boundary layer and| acceptably
low losses in the near off-design range. Figure § shows the
prescribed design Mach number distribution as a solid line
together with some measured values from egperimental
verification. The authors [14] state that the design conditions
with M = 0.8 and an axial velocity density ratio &= 1.05 cor-
respond to measurements around M = 0.77 and @ = 1.09,
due to the blockage effects of side wall boundary ldyers, which
are accounted for in different ways in the design process and
the experiment. While the discrepancies at the |

due to limitations of Schmidt’s design methad {15] the
disagreement at about 40 percent of chord h was at-

tributed to a laminar separation bubble.
Our analysis is based on @ = 1 and the profile d3ta given ex-
cept for the leading edge region, which was rather coarsely
Transactions of the ASME
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Fig. 6 Prescribed and measured Mach number variation for the SKG
2.7 cascade (14} g/c = 0.821; g, = 103.6 deg; 84y = 126.7 deg; f; =
90.0 deg)

displayed and needed some modifications. Letting transition
take place near laminar separation we encounterd shock-
induced transition. As the treatment of shock-transitional
boundary layer interaction is beyond the capabilities of our
code we specified (with reference to [14)) transition at 30 per-
cent of the chord length. The following results were obtained
forRe = 1.2 x 10and w = 0.5.

AtM = 0.8 we encounter a distinct shock impinging on the
turbulent boundary layer at x = 0.36 (Fig. 7). The shock being
again oblique leads to a downstream Mach number just below
1. A further modest increase of inflow Mach number from
0.80 to 0.81 instantaneously caused turbulent boundary layer
separation.

It would certainly be unsatisfactory for the practicing
engineer to stop at this stage of analysis. Fortunately we can
switch over to the design option of the code and apply a semi-
inverse solution procedure to the inviscid flow field calcula-
tion making use of Sobieczky’s fictitious gas concept.

As explained in greater detail in [8, 9] we slightly modify the

‘profile section on the suction surface and perform a fully ellip-

tic potential flow field calculation. The ellipticity of the gov-
erning equation is guaranteed by the use of a fictitious gas
density-velocity relation, whenever the flow becomes locally
supercritical. In extension to the earlier cited publications
viscous effects in the design mode are now accounted for by
applying the same global iteration procedure as described
before for the analysis mode, the only difference being that
the pressure coefficient as input variable for the boundary
layer calculation is obtained from the fictitious gas analysis
result. This approximation leads to an efficient redesign pro-
cedure and proves to be appropriate because of the similarity
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between the isentropic and fictitiou gas pressure
distributions.

As a consequence of the absence of shod
flow calculation, which takes most of the
time, is considerably accelerated. To further
vergence rate, in the design mode the displacefnent thickness is
not only underrelaxed but also locally smogthed, where the
rate of smoothing is proportional to the ldcal deviation in
displacement thickness between two succesgive global ijtera-
tions. Thus smoothing will be reduced while | pproaching the
converged solution.

When convergence of the inviscid/viscous
achieved, the initial value problem inside the
ble is solved by a second-order a
characteristics using now the isentropic gas
relation. The integration begins at the sonic
the new part of the effective airfoil conto
mined by the condition of its constant val
function. Figure 8 shows the supersonic bubb)
sponding isentropic gas pressure distribution
method of characteristics. It should be noted
for an improvement of the blade’s performand
ample presents a fairly tough test case, because
of the original design is already not too bad. |}
the inverse redesign - procedure we encouritd
equilibrium between the avoidance of expans on peaks near
the nose and compression shocks terminating
zone. This may be seen directly from the cd
characteristic lines in these regions (Fig. 8) and
of the pressure distribution and the sonic ling
time the finite area method with first-order a
was used to calculate the flow through the redési
with the displacement thickness being added
This balancing problem is further enhanced Wy the fact that
the flow in the recompression zone over the otigi
already very near to separation. Thus several

S, the potential
overall iteration
eed up the con-

ensity-velocity
e and arrives at
which is deter-

of the stream
e and the corre-
pbtained by the
that in striving
the chosen ex-

ponstraints are
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Fig. 9 Analysis of outer inviscid flow around redesigned cascade in-
cluding displacement thickness at M = 0.8

narrowing down the margin of appropriate contour
modifications.
Subtraction of displacement thickness from the effective

contour yields the new bare blade shape. The supersonic part
of the effective airfoil obtained by the method of
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characteristics in connection with streamline
already smooth. Thus, to avoid slope discontingities in the
new profile contour, we locally smooth the djsplacement

“thickness variation over the transition region befpre subtrac-

tion in case boundary layer transition had taken
supersonic zone.
To verify the improvements of our redesign
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shock-free solution (Fig. 10). As no smoothing technique was
applied in the analysis mode the preshock wiggles in the
pressure distribution may not only originate from the
abovementioned indentation but also from the interaction
with the supersonic part of the boundary layer in the course of
the iteratively developing solution.

The corresponding displacement thickness is shown in Fig.
11(a). There are only small deviations from the displacement
thickness obtained by the redesign procedure (Fig. 115). In
Fig. 11(b) the displacement thickness calculated by the use of
the isentropic gas pressure distribution obtained in connection
with the method of characteristics (indicated by crosses) is
compared to that obtained by the use of the fictitious gas
pressure during the last global iteration cycle in the redesign
mode (solid line). The smallness of the difference between
these two curves in fact confirms the utility of our simplifying
approximation for the pressure distribution during iterative
redesign; it justifies the use of the fictitious gas pressure as
boundary condition for the boundary layer calculation within
the supersonic bubble.

Slightly raising the inflow Mach number from 0.8 to 0.81
(Fig. 12) causes again shock losses, but the severe limit of this
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test case is given by turbulent boundary layer separation,
which occurs just beyond M = 0.81.

Conclusion

We have described the extension of an
analysis and redesign tool for engineering
into account shock-boundary layer intera
off-design operating conditions. An easy
& smooth local grid clustering, an anal
viscous interaction zone, a simple direct cou
solution technique are the main features of
modules contributing to that extension.
code in its analysis and redesign modes has
by a user-oriented example calculation.
quasi-three-dimensional and rotation effects] a more adequate
wake modeling, and a refined inviscid ock calculation
method belong to further improvements now under
development.

ficient numerical
rposes that takes
n for cascades at

solution for the
ling and iterative
e computational
flexibility of the
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