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ABSTRACT

A complete viscous-inviscid interaction is per-
formed that reliably computes steady two-dimensional,
subsonic and transonic attached and separated flows
for cascades of airfoils. A full-potential code was
coupled with both a laminar/transition/ turbulent in-
tegral boundary~layer/turbulent wake code and the
finite-difference boundary-layer code using the semi-
inverse methods of Carter and Wigton. The transpira-
tion coupling concept was applied with an option for a
porous airfoil with passive and active physical tran-
spiration. Examples are presented which demonstrate
that such flows can be calculated with engineering
accuracy by these methods. Carter's update formula
gives smoother solutions for a strong shock that
Wigton's update formulas, although Wigton's formulas
are preferred in the early coupling cycles. The com-
putations show that passive physical transpiration can
lead to a lower drag coefficient and higher 1ift coef-
ficient, a weaker shock and elimination of shock~
induced separation. The extent of the porous region
and permeability factor distribution of the porous
region must be chosen carefully 1f these improvements
are to be achieved.

INTRODUCTION

Background

Any meaningful computation of separated transonic
two-dimensional flows for cascades requires the inclu-
sion of viscous boundary layer and wake effects. Re-
views of procedures for calculating viscous-inviscid
interaction in transonic flow about isolated airfoils
have been presented by 0lling [1], Lock [2], Lock and
Firmin [3], Melnik [4], LeBalleur [5], Jameson [6] and
Cebeci, Stewartson and Whitelaw [7].

The boundary layer can be calculated in the direct
or inverse mode. In the direct mode the velocity or
pressure on the matching surface between the viscous
and inviscid part of the flow field is specified. 1In
the inverse mode some other quantity (the forcing
function) is specified, such as the displacement thick-

*
ness (§ ), mass flux defect (Q) or skin friction co-

efficient (Cf). Present finite-difference and integral

methods in general must be operated in the inverse mode
to calculate - extended separated regions in practical
computations, when steady-state first-order boundary
layer theory is used (see Drela and Thompkins [8] for
an exception for a finite-difference method). An al-
ternative way to simulate massive separation is to
compute the detached streamline where the boundary
layer separates from the airfoil and then use this
streamline as part of the effective airfoil surface
(Hirsch and Janssens [9] and Dvorak and Choi [10].

The matching between the inviscid and viscous
calculations can occur on any of three different sur-
faces: the surface of the airfoil and the wake cen-
terline, the displacement surface or the edge of the
boundary layer and wake & (Murman and Bussing [11]).
In the first case an equivalent transpiration boundary
condition 1s used in the inviscid calculation. This
case will be called the transpiration coupling con-
cept. It obviates the necessity of regenerating the
inviscid grid after each coupling cycle and represents
the best existing method [1). Severa] types of strong
interaction methods have been devised. The simplest
approach, called the semi-inverse method, computes
part or all of the boundary layer and wake in the in-
verse mode. An initial guess for the forcing function
must be made. The resulting viscous boundary-layer
edge velocity or pressure is compared with the invis-
cid velocity or pressure on the matching surface. If
these differ then the forcing function and the cou-
pling boundary conditions are updated. Several methods
have been proposed for updating the forcing function
during the viscous-inviscid iterations by Carter [12],
LeBalleur [13], Wigton [14] and Gordon and Rom [15].
This type of strong interaction has been favored by
many investigators because it allows one to make the
minimum amount of changes to the inviscid code, which
is usually more complex than the vislous code.

It should be noted that first-order boundary-layer
theory neglects the normal-pressure gradient effect due
to the curvature of streamlines inside the boundary
layer and wake. In the near-wake region this effect
leads to a jump in the tangential velocity component
along the wake centerline in the inviscid code, It
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will be called the wake curvature effect and two ap-
proximate theories have been proposed to correct for it
(Melnik [4) and Lock and Firmin [3]).

PORQUS AIRFOILS

Shock-free or nearly shock-free transonic airfoils
and cascades have favorable properties, such as minimum
wave drag and no or reduced shock-induced separation,
To design such airfoils, one approach has been to modi-
fy the airfoil shape (Dulikravich and Sobieczky [16]).
Another method of achieving shock self-cancellations is
to modify the surface boundary conditions on the air-
foil, such as by allowing for physical transpiration by
making the afrfoil surface porous (Savu and Trifu [177,
Savu, Trifu and Dumitrescu [18], Krogmann, Stanewsky
and Thiede [19,20], Nagamatsu, Dyer and Ficarra [21]),
Ram, Vemuru and Harvey [22], Chen, Chow, Holst and Van
Dalsem [23], and Olling [1]). The latter approach may
be applied in an active (or forced) transpiration mode
or in a passive transpiration mode., An example of a
passive method is allowing the plenum (cavity) pressure
(under the porous airfoil surface) to adjust to a value
that 1s in equilibrium with Darcy's law for porous ma-
terial and the external flow. 1In this case, the net
mass flow through the perforated airfoil surface is
zero,

The computer codes developed as a part of this [1]
study can simulate the passive transpiration effects of
a perforated airfoil surface with a cavity located un-
derneath., Darcy's law is used to determine the physi-
cal transpiration velocity [17]

v

;- o(Pp - Pv)

o 5/(pwqm)

where P, is the airfoil surface pressure, pp is the

plenum pressure (assumed to be constant), ¢ is the

permeability factor, ¢ 1is the nondimensional perme-
ability factor, and Py, and q_ are the upstream

density and speed, respectively. A value of ¢ = 0.6
corresponds to a geometrical porosity of about 10 per-
cent [18]. The plenum pressure is computed from

Py = JsocPSdS/jspods
where s 1is the airfoil surface arc length.
The physical transpiration velocity normalized by the
critical speed of sound is
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where the asterisk denotes a critical value.

Two distributions of ¢ can be specified in the
input of the present version of the code [24]. These
are a uniform distribution and a peaked distribution
having a maximum inside the porous region and smooth
tapering to zero at the ends of the region. The chord-
wise coordinates of the beginning (xl) and end (xz) of

the porous region and the location of the maximum per-
meability (xm) on the upper and lower sides of the air-

foil are inputted.

INTEGRAL BOUNDARY-LAYER CODE

Laminar Boundary Layer

The boundary layer is assumed to be divided into
laminar, transitional and fully turbulent regions in
the streamwise direction. Near the leading edge of the
airfoil the boundary layer is assumed to be laminar.
The attached laminar boundary layer is computed in the
direct mode by a modified form of a compressible
Thwaites method (Rott and Crabtree [25]; see Appendix
A for details). The tangential inviscid velocity on
the airfoil surface u. is specified. If laminar sep-
aration is indicated,1 the boundary laver i1is in the
present code assumed to transition abruptly to fully
turbulent flow.

Transition Region

Two options are available for determining transi-
tion. One option is to enforce abrupt transition at a
specified point (no transition region). The other op-
tion is to calculate the transition region from the
empirical method of Abu-Ghannam and Shaw [26] modified
for compressibility., The start of transition is deter-
mined from an empirical correlation for the incompress-
ible momentum thickness Reynolds number as a function
of the free-stream turbulence level and an incompress-
ible streamwise velocity gradient parameter. Other
correlations are used to determine the extent of the
transition region and the momentum thickness at the end
of transition. Additional correlations then allow the
momentum thickness, shape factor and skin friction co-
efficient in the transition region to be computed.
Stewartson's [27] transformation 1s used to relate
incompressible and compressible quantities. The method
is invalid when the transition region includes separ-
ated flow or a shock wave or extends into the wake (see
Appendix B for details).

Turbulent Boundary Layer

The turbulent boundary layer and wake 1is calcu-
lated with the lag-entrainment integral method of Green
et al, [28) modified by East et al. [29] in either the
direct mode with uy specified or in the inverse mode

*
with the mass flux defect Q specified. Here Q = piuiG

where o is the inviscid density on the airfoil or
wake cenéérline. Both attached and thin separated tur-
bulent flow can be calculated. This method is based on
the solution of three ordinary differential equatioms:
the momentum integral equation, entrainment equation
and a lag equation derived from the differential turbu-
lent kinetic energy equation. The original integral
boundary layer equations of Green et al. [28] were ex-
tended to include physical surface transpiration. The
extended momentum integral equation is
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where m, = (pwvw)/(peue) is the nondimensional tran-

spiration mass flux, Here the subscripts e and w
denote the edge of the boundary layer and airfoil sur-
face, respectively, s is the arclength in the stream-
wise direction along the airfoil or wake centerline, 6

is the momentum thickness, u is the speed, Cf is the

skin friction coefficient, H is the‘shape factor, M is
the local Mach number and p 1is the density. The
equation for the entrainment coefficient CE given by
Green et al, [28] is extended [1] to
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itive for entrainment) and n is the coordinate normal
to the airfoil surface. Using the definition
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results in the modified entrainment equation [1]
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In the method of Green et al. [28] the skin fric-
tion coefficient Cf is computed from a correlation de-

pending on the value of the flat-plate (zero pressure
gradient) skin friction coefficient Cfo corresponding

to the momentum thickness Reynolds number Ree of the

flow. The value of this flat-plate skin friction coef-
ficient is modified to account for the effects of tran-
spiration by using the relation given by Kays and
Crawford [30]
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skin friction coefficient for a nonporous surface and
Bf = mw/(Cfo/Z). The value of Cfo is determined by

Newton iteration. It is assumed that the other empiri-
cal correlations used in the method of Green et al.
[28] and modified by East et al. [29] are approximately
the same for the case of a transpired boundary layer.
In the inverse mode the dependent variables are

u, s H and CE' The form of the equations is

is the flat-plate (zero pressure gradient)
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The expressions for the coefficlents are given in Ap-
pendix C. The boundary layer and wake on the upper and
lower sides of the airfoil and wake centerline are com-
puted separately. The wake centerline 1s taken to be a
cubic polynomial with the four coefficients determined
from the locations and slopes of the trailing edge and
the assumed location of the end of the wake centerline.
The skin friction coefficient is set equal to zero in

the wake. The starting value for u, is u, - When tran-

sition 1is enforced the starting value for Q 1is deter-
‘ned in either of two ways. One way is to assume con-
.nuity of Q. The other way is to compute Q by assuming

that it has the value that a flat-plate boundary layer
would have at the same distance from the leading edge.
The starting values for H and C_ are found following
the method given by Olling [1].” The correction for
longitudinal surface curvature suggested by Green et
al. [29] was incorporated by Olling [1]. The system of
equations 1is integrated with a 4th-order Runge-Kutta
method (Ferziger [31]). The streamwise step size is
clustered toward the leading and trailing edges and {is
smaller than that of the {inviscid code., The first
derivative of the forcing function is calculated in the
supersonic region by first-order accurate upstream
differencing and in the subsonic region by the second-
order accurate differencing for a nonuniform step size
presented as Eq. (3.14.3) of Ferziger [31].

FINITE~-DIFFERENCE BOUNDARY-LAYER CODE

The finite-difference compressible boundary layer
code presented by Drela [32] was adapted to the present
coupling approach. This code can compute compressible
laminar, transitional and turbulent flow that is at-
tached or separated. Modifications were made by Olling
[1] to the calculation of the inner eddy viscosity for
turbulent separated flow. Surface transpiration ef-
fects were incorporated. The intermittency factor of
Abu~Ghannam and Shaw [26] was used in the transition
region. This code is based on a variation of Keller's
box scheme [33,34].

The governing equations are the continuity equa-
tion, linear momentum equation in the streamwise direc-
tion and the total enthalpy equation. The Cebeci-Smith
[34] two-layer algebraic eddy viscosity formulas are
used. These equations are nondimensionalized, and then
transformed variables are introduced which permit the
calculation of flow near the stagnation point. The
coupled system of equations 1s discretized on the
shifted box grid [32] and Newton iteration 1is applied
to determine the iterates of the unknown variables.
This procedure leads to a block tridiagonal system of
equations in which the blocks are 3x3 matrices. The
eddy viscosity is also linearized during the Newton
iteration procedure and this leads to quadratic conver-
gence of the solution for both laminar and turbulent
flow.

Four different forcing functions can be used. 1In
the direct mode u, is specified. In the inverse mode

i
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8§, Q or C. can be specified. It was found by numeri-

f
cal experiments that the solution would not converge
when Q was specified at the stagnation point.

A modified Reyhner-Flugge-Lotz approximation is
applied in the separated flow. This consisted of elim-
inating the contribution of the convective momentum
term to the variable iterates (the terms inside the
3 x 3 blocks) but retaining its contribution to the
residues.

The finite-difference code was chosen over a lami-
nar integral boundary-layer code capable of computing
laminar separated flow for two reasons. A laminar in-
tegral boundary-layer code based on a modified
Kiineberg-Llees [35] method was developed by Olling {1},
but it was found that the code could not be used very
near the stagnation point because the integral boundary
layer equations possess a singularity there. This
would render the method inappropriate if a leading edge
separation bubble occurred. Also a laminar integral
boundary~layer code cannot compute the transitional
region (unless the approximate procedure of LeBalleur
[13] {is applied) and the empirical method of
Abu-Ghannam and Shaw {26] 1is {napplicable when the
transition region contains separation or a shock wave.




Thus, for these special cases, the finite-difference
method is most appropriate.

COUPLING BOUNDARY CONDITIONS

Total Transpiration Velocity

The coupling boundary conditions in the inviscid
code on the airfoil and wake centerline are a total
transpiration velocity va normal to the airfoil and

jump conditions on the velocity components normal and
tangent to the assumed wake centerline. The total
transpiration velocity v, consists of two parts: an

equivalent transpiration velocity v due to the

b
boundary-layer displacement effect and a physical mass-
weighted transpiration velocity v due to suction or

blowing through the porous airfoil surface, such that

vV =V, +v
n Cc

where b

and vV = —y
1 Py

v =

b
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Here Py and v, are the density and velocityv of the

physically transpired fluid, respectively. The sign of
oA is positive for blowing (i.e., a source). It is

assumed that p
density

i1s equal to the adiabatic wall
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where r 1is the recovery factor, y 1s the specific
heat ratio, and M 1s the local Mach number. For

laminar flow, r = (Pr);5
r= (pr)!/3

and for fully turbulent flow

, where Pr 1is the Prandtl number. For

sitional flow, it is assumed that r = (Pr)(%-ytr/6)

where Yer is the intermittency factor, 0 < Yer 1,

Yer = 0 for laminar flow, and Yer 1 for fully tur-
bulent flow. The displacement thickness in the defini-
tion of Q is

s 1 JG( )d
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The velocity jumps on the wake centerline are
(Lock and Firmin [3])
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where A indicates a jump, the subscripts u, £ de-
note the upper and lower sides of the wake centerline,

H= 6*/6 is the shape factor and K* is the curvature
of the displacement thickness surface

*  dg

K =%
where g 1s the streamline slope [19] on the displace-
ment thickness surface. A procedure similar to that of
Collyer is used to introduce the jumps in the normal
and tangential velocity components into the reduced
potential at the points on the upper and lower sides of
the wake centerline and at the fictitious points on
either side of the wake centerline. The detailed

procedure is shown by 0lling [1].

The semi-inverse coupling method can be summarized
as follows:

1) The potential solution is advanced for a cer-
tain number of iterations on up to four increasingly
refined grids with v, o= 0 on the airfoil surface.

2) The boundary layer code was run in the direct
mode with u specified from step 1 until separation or
a specified point was reached, At that point the
boundary layer code was switched to the inverse mode
with an initial guess for Q .

3) Wwigton's or Carter's formulas for updating the
Q values are applied (see Appendix D). The transpira-
tion velocity and jumps in the velocity components
along the wake centerline are computed.

4) The potential solution is advanced for one to
five iterations on the finest grid being used, with the
boundary conditions held comstant. During the first
nine coupling cycles the relaxation factor was equal to
unity. After that the relaxation parameter was equal
to 1.7 - 1.8 .

5) The boundary layer code was run in the direct
mode on the forward part of the airfoil and in the in-
verse mode on the rest of the airfoil and wake center-
line with the Q values determined from step 3.

6) Steps 3 - 5 are repeated until the error mea-
sure (ue/ui - 1) 1s less than a specified value or

until a maximum number of interaction cycles has been
reached.

RESULTS

Based on the detailed analvtic and numerical anal-
ysis of Olling [1], a package of computer programs,
GSD28, was developed [24]. This software performs au-
tomatic computational grid generation, full potential
finite area inviscid flow solution [15], integral and
finite difference method solution of the complete
boundary layer with wake, and automatically iteratively
couples the inviscid and the viscous part of the flow
field.

The first example 1s for a cascade of solid
Sobieczky [16] airfoils, which are not shock-free. The
upstream Mach number is 0,80, the Reynolds number based

on the chord is 9.1 x 10°, T_ = 288K, ¢ = 0.076m , and

the freestream turbulence level is 1%. The upstream
angle of attack with respect to the horizontal is 40°
and the stagger angle with the horizontal is 27.3°.
The gap-to-chord ratio is 1.0 . The computational wake
extends 2 chord lengths downstream. Three sets of in-
creasingly refined grids were used. The finest grid
had 48 cells on both the upper and lower sides of the
alrfoil, 32 cells along each side of the wake and 16 C-
layers of grid cells in the outward direction (Fig. 1).
The inviscid code was run for 10 iterations on the
first grid, 10 iterations on the second grid and 5
iterations on the third grid. Viscous-inviscid cou-
pling was then initiated. During the coupling, one
viscous sweep was performed for each inviscid sweep.
The over-relaxation factor for the inviscid code during
the coupling was 1.697.

Transition was enforced on the upper side of the
airfoil at 3% of the chord and the boundary layer and
wake were computed by the integral method. Natural
transition was allowed on the lower side of the air-
foil, and the boundarv layer was ‘computed by the
finite-difference method with the wake computed by the
integral method. Transition started at x/c = 0,2357
and ended at x/c = 0.5554.

Wigton's update method was used for the first 400
coupling cycles in the regions computed by the integral



method. Wigton's method was used because during the
initial coupling cycles with Carter's update method
with a relaxation factor of 0.1, the boundary layer de-
veloped oscillations. Carter's update method, with a
relaxation factor of 0,1, was therefore used for the
last 240 coupling cycles. At the same time, Carter's
update method, with a relaxation factor of 0.1, was
successfully used for the regions computed by the
finite-difference boundary-layver code. The trailing
edge treatment explained by Olling [1] was applied.
Mach number field is presented in Figure 2. The air-
foil surface pressure coefficient distribution is shown
in Figure 3. The coupled and pure inviscid soclutiomns
exhibit large differences indicating strong viscous-~
inviscid interaction. The predicted drag coefficient

is CD = 0.02458 and the 1lift coefficient is CL =

0.64293, The predicted turning angle is 16.92°, The
total transpiration velocity is presented in Figure 4.
A large value is noted at the trailing edge on the
upper side of the airfoil, The displacement thickness
is shown in Figure 5. The skin friction coefficient is
shown in Figure 6. On the upper side of the airfoil,
the flow has shock-induced separation between x/c =
0.369 and x/c = 0.496 and separates again downstream
of x/c = 0.683. On the lower side of the airfoil,
laminar separation starts at x/c = 0,163 and reat-
tachment occurs at x/c = 0,427 as a transitional flow
with the itermittency factor Yer = 0.66 . When this

example was computed with a freestream turbulence level
of 5%, natural transition occurred sooner on the lower
side of the airfoil and no separation occurred there.

The second cascade flow example 1is for both a
solid and porous NACA 65-(12)10 cascade. The pressure
coefficient was experimentally determined for the solid
cascade by Briggs [38]. The upstream Mach number is
0.81, the Reynolds number based on the chord is

9.1 x 105, Tm = 288K, ¢ = 0.076m and the freestream

turbulence level is assumed to be 5%Z. The upstream
angle of attack with respect to the horizontal is 45°,
and the stagger angle relative to the horizonal 1is
28.5°. The gap-to-chord ratio is 1.0 . The wake
extends 2 chord lengths downstream.

In the porous cascade case, a peaked permeability
factor distribution on the upper side of the airfoil
was used with ;max = 0.10, Xl = 0,20, x, = 1.0, and

2
x_ = 0,3586.

Transition was enforced at 3% of the chord on the
upper side of the airfoil and natural transition was
allowed on the lower side. The boundarv layer and wake
on both sides were computed with the Integral method.
For the lower side of the solid airfoil, computed tran-
sition started at x/c = 0.085 and ended at x/c =
0.244, For the iower side of the porous airfoil, tran-
sition started at x/c = 0.0925 and ended at x/c =
0.262.

The converged solution Mach number field with a
contour interval of 0.02 is presented in Figure 7 for
the solid cascade case. The pressure coefficient is
shown in Figure 8. For the solid cascade, the computa-
tions agree fairly well with the experiment except at
the beginning of the shock. For the porous cascade,
the shock strength is weaker. The C_ .curve on the

upper side begins to differ from that of the solid case
at the start of the porous region. The computed drag

coefficient for the solid cascade is CD = 0.03086 and

for the porous cascade is CD = 0.02755, a reduction of

10,7%. The computed 1ift coefficient for the solid

cascade 1is CL = 0,74235 and for the porous cascade is

CL = 0.76023, an increase of 2.41%. The computed
static-pressure rise, pz/pl , for the solid cascade 1is

1.2546 while the experimental value was 1.244. The
value for the porous case is 1.2622., The computed turn-
ing angle for the solid cascade is 19.0° while the ex-
perimental value was 20.6°. The value for the porous
case is 19,97°. The plenum Cp for the porous airfoil

is ~0.453 while C; = ~0.406.

Figure 9 illustrates the equivalent and physical
mass;weighted transpiration velocities, vb/a* and
vc/a , and the permeability factor o for the porous

*
cascade. Recause the plenum Cp is close to Cp .

physical blowing occurs in the supersonic region ahead
of the shock and physical suction takes place behind
the shock. The displacement thickness is shown in
Figure 10. The skin friction coefficient is presented
in Figure 11. ©For the solid cascade, shock-induced
separation occurs between x/c = (.41 and x/c = 0.45,
and the flow again separates at x/c = 0.80 . A smooth
transition region on the lower side of the airfoil is
computed. For the porous cascade, physical blowing

ahead of the shock leads to decrease of Cf to near

separation, but the flow remains attached. Physical

suction behind the shock causes the Cf to increase.

Only a small region of trailing edge separation occurs.
The momentum thickness, shape factor and mass flux
defect are presented in Figures 12, 13 and 14, respec-
tively.

It should be pointed out that all computations
were performed on a medium-size computer, HARRIS 800
JI. One sweep of the inviscid code on a typical grid
used during the coupling required between 5.35 and 5.87
seconds of CPU time. The integral boundary-layer code
computed the entire boundary layer and wake and cou-
pling boundary condition in about 5.4 seconds of CPU
time. The finite-difference boundary-layer code re-
quired an order of magnitude more time, 62.4 seconds of
CPU time to compute the boundary laver on one side of
the airfoil only.

Conclusions and Recommendations

On the basis of the results presented, it can be
concluded that coupled viscous-inviscid calculations of
transonic separated cascade flows, with or without
physical transpiration, are feasible with the present
method [1,24]7. However, the semi-inverse coupling
method can require a large number of coupling cycles in
difficult cases. Part of the reason for this is the
slow convergence rate of the SLOR scheme [36] of the
inviscid code on the finest grid being used. More ef-
ficient inviscid algorithms (e.g., alternating-direc-
tion implicit or approximate factorization schemes) are
available that could remedy that aspect of the problem.
But even without modifying the inviscid algorithm, some
improvement of the global convergence could be achieved
by simultaneous calculation of the inviscid and viscous
equations in the manner of, for example, Wai and
Yoshihara [37] but without their viscous ramp model of
shock/boundary-layer interaction. Another advantage of
that approach would be the elimination of the necessity
of specifying an initial guess for the mass flux defect
when separation is encountered. Such calculations were
made with a modified version of the GSD28 code [1,24].
The nonlifting NACA 0012 airfoil was tested using this
approach, and the results were encouraging.

For separating cascade flow, Wigton's update for-
mulas are best for the initial coupling cycles, after




which Carter's update formula can be used to achieve
smoother solutions in the shock region.

The pressure correction theory of Lock and Firmin
[3] 18 inappropriate in the region of strong shock
waves, A more sophisticated approach is needed.
Boundary-layer displacement effects can be much larger
in cascades than for isolated airfoils. The shock wave
in cascades will often be in a region of transitional
flow unless the freestream turbulence level is high,
The present integral boundary-layer code cannot handle
this situation and transition must be enforced ahead of
or at the shock.

The computations show that passive physical tran-
spiration can lead to a reduced drag coefficient and
increased 1lift coefficient for the permeability factor
distributions used in the present work. The shock
strength can be diminished and shock-induced separation
can be eliminated, If the porosity is too large or the
porous region extends too far ahead of the shock, it
was observed that the induced blowing ahead of the
shock may cause separation there, Actually, the aero-
dynamic performance of airfoils also can be decreased
if the porosity is applied in an ad-hoc manner, just as
the incorrectly applied "shaving-off" procedure [16]
can make shocked airfoils have even stronger shocks,

Consequently, it would be highly desirable to ap-
proach the entire concept of porous airfoil design as
an inverse problem. Thus, the optimal porosity distri-
bution and its extent should be found so that it corre-
sponds to a minimal possible total aerodynamic drag for
the particular airfoil and given global aerodynamic
parameters.

APPENDIX A: LAMINAR BOUNDARY LAYER

Rott and Crabtree's [25] compressible Thwaites
method for laminar boundary layers is modified as shown
below.

From Stewartson's [27] transformation, we have the
following relationships between incompressible (sub-
script I) and compressible quantitites

% Pe
dsI = C r ;— ds (A. 1)
2e
dn, = —= £ 4n (A.2)
1 am pm
am
UI = z u (A. 3)
2
& =c! E E: & du (A.4)
ds 2p T ds *
I a, e ‘e
P, 8,
B, = —— 8 (A.5)
I P, 8,
¥ T”
C = r T—' (Ac6)

Here, n 1s the coordinate normal to the airfoil, and
the subscripts « and o denote upstream infinity and
stagnation conditions, respectively. The value of 6
is computed from

P, , & . [ a P
6 = |0.45 \;o(—p—)z(a—")8 u® ,( usc(a—”)" . ds“’
e © [e] e pw

(A.7)

where Vo is the stagnation kinematic viscosity coef-

ficient. The incompressible pressure gradient param-
eter % is
I
du 62 a p. T .2
g, =t Lol e 08 du (A.8)
I s. Vv C'a p. T Vv ds ‘
I o [3 © e o

The incompressible shape parameter H is computed

I

from £ using the curve fits to Thwaites' tabulated

I
values presented by Cebeci and Bradshaw [33]

for 21 20 HI = 2.61 + QI(—3.75 + 5.34 EI)

for 21 <0 HI = 0.0731/(0.14 + iI) + 2.088 (A.9)

The skin friction coefficient is computed from

/8 2
Ce = 20P (527 M/ (MRe ) (4.10)
w0 GI
UI®6;
Re _ = S (A.11)
GI I=
&% = o.n (A.12)
I 11 :
6; Bu,
P=— 65—-J (A.13)
u n
1 I o
1
Klineberg and Lees [35] present P and H as func-

I
tions of a parameter "a" for Falkner-Skan velocity pro-
files. Using a polynomial least squares fit, the fol-
lowing relation was determined for attached flows

a = 8.036555z + 41.546762° - 167.66962°

5

+ 300.7702% + 1546.6052 (A.14)

where 2z = HI - 0.24711 , Then P was determined from

the relation given by Klineberg and Lees [35]. The
shape factor is computed from

T, 5 %o
H=H 7=+ Pri(2- 1)
e e

(A.15)

*
The displacement thickness is & = H® and the mass

*

flux defect is Q =p u & .
ee

APPENDIX B: TRANSITION REGION

The empirical method of Abu-Ghannam and Shaw [26]
for calculating transitional boundary layers is modi-
fied for compressibility as shown bBelow. By using
Stewartson's [27] transformation, the following rela-
tions between incompressible (subscript I) and com-
pressible quantities are found (in addition to Egs.
(A.1), (A.3-A.6)



I'I e =2 6u
R === 5 (3.1)
eI I ® “e I
92 du a P T .2
LA _I_L1(H4_e 08 du (B.2)
I vy ds C'a P_T v s )
I 1 e e 1

where the subscript * denotes upstream infinity.

The value of VI is calculated by finding uy and

from this determining the isentropic temperature and
density
u

) y-1 1.2
TI = To(l -5 (a—o-) ) (B.3)
u X

. v-1 °nz2| 7o
op = p |1 -5 E;ﬂ Jrr)) (B.4)
[}

and then using Sutherland's equation

6

v_=1p /oI = [1.458%10" (B.5)

1.5
I I TI /(TI+110.4)]/D

I
° are the stagnation pres~
sure, temperature and speed of sound, respectively.
The incompressible arc length is found by integrating
Eq. (A.1l).

The start of transition (subscript S) is deter-
mined from the relation

The quantities P> T, a

(R); 2 (Rg) ¢ (B.6)

where (Re)IS is defined by Eqs. (11)-(13) of

Abu~Ghannam and Shaw [26].
The end of transition (subscript E) is determined
from finding when

>
sy % sp (B.7)
where
Ste = R Vis/1s (3.8)
0.8
Rerg = Rers * 16.8(RXIS) (B.9)
Rers = S1s Y1s/V1s (B.10)

The momentum thickness at the end of transition depends
on the value of

2

C, = B° - 4AC (B.11)

2
where

duI

A = 183.5 Cl(l'A)EEE;)E/vIE (B.12)

B = uIE/vIE (B.13)

C = -540 - 183.5C, (B.14)
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C, =R 107 - 1.5 (B.15)

Rip = (o1g = spedurs/Vis (B.16)
If C2 >0 , then

b
8g = [-B + (C,)°1/(28) (B.17)

If C2 < 0 , then

8

0.
eIE = 0.0368(RIL )/B (B.18)

The value of 8

E is found from Eq. (A.5). This value

and C

i
s used to compute HE fE

according to the

second method suggested in section A.4 of Green et al.
[457.

The values of 8 , H and C in the transition

f

region are found using Eqs. (24), (26) and (32) of
Abu-Ghannam and Shaw [26].
APPENDIX C: TURBULENT BOUNDARY LAYER

The coefficients used in Eqs. (4.4)-(4.6) are presented
below.

A =-pu F

C ¢ -
. : - H G m )i
F) = HG +m) + (1+0.2eM) [Coom - H (= + mw)}dHI

B = [(I—MZ)Q + Pele er]/ue

Fo= -H(H + 2 - M%) + (1 + 0.2 ey (a+yn, 4B
2 1 dH,
2 2, =
+ 0.4tM° (1 + 0.2M7)(H + 1)
= C
_df £
¢ = Eﬁl (CE * mw - HIQE_ * mw)}/e
L ¢k
D = aH, H (H+1)/u,
du
=F k! k 8 _&
E = F{2.8((c)) - MCOTI/(H + H) o+ (u EE—JEO,/G
EQ e
0
= 2 2 2
F = - F[1 + 0,075M"(1 + 0.2M)/(1 + O.1M )]/ue
where

F = (0.02c, + C2 + 0.8 C, /3)/(0.01 + C_)
E fo E
)

® o

c, = T/(peu
T 1is the maximum shear stress, r 1is the recovery
factor, the subscripts EQ and O denote equilibrium
flow and flat-plate flow, respectively, and A 1s a
scaling factor for effects due to longitudinal stream-
line curvature and flow convergence or divergence.

The following changes are made to equilibrium
quantities:




APPENDIX D

betwe

Wigton's [14] formulas for updating the
en each interaction cycle are as follows:

Q values

for M <1

w Ep Bu, U
Qn+1 Q"+ 1°P4 774 {_g _ 1]

-7 )
VB Bpi i
for M > 1
R e i
o+ (gt L

)

where M 1is the local Mach number, v = n/As , &s 1is
the step size, g = |1 - M2|% , B 1is the coefficient
in the momentum integral equation written in the form

gg,: A+ B EEE

ds ds
and W and w, are relaxation factors (equal to
unity in Wigton's analysis).

Carter's [12] update formula is
u
A PR = - 1}}
L i

where  1s a relaxation factor.
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