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ABSTRACT

A method is described for the inverse design
of complex coolant flow passage shapes in inter-
nally cooled turbine blades. This method is a
refinement and extension of a method developed by
the authors for designing a single coolant hole in
turbine blades. The new method allows the turbine
designer to specify the number of holes the tur-

bine blade is to have. In addition, the turbine

modified. A first order panel methbd is used to
solve Laplace's equation for the stebdy heat con-
duction within the solid poertions ¢f the hollow
blade, making the inverse design procedure very
efficient and appiicable to realistit geometries.
Results are presented for a realilstic turbine

blade design problem.

designer may specify that certain portions of the NOMENCLATURE
interior coolant flow passage geometry are to
remain fixed (eg. struts, surface coclant ejection o ) ' ;
d = optimization search direction vector
channels, etc.). Like the original design method,
e = vector of errors in satisfying ithe

the designer must specify the outer blade surface
hole boundary conditions
temperature and heat flux distribution and the
E = global error function = L*-norm of e
desired interior coolant flow passage surface tem-
g = gradient of £ = VE
perature distributions. This solution procedure
H = Hessian of E = a"/aXian
involves satisfying the dual Dirichlet and Neumann

i = complex number i=/-1 (also used as integer index)
specified boundary conditions of temperature and
I = temperature influence coefficient
heat flux on the outer boundary of the airfoil
J = heat flux influence coefficient
while iteratively modifying the shapes of the coo-
k = strength of a source or sink
lant flow passages using a least squares optimiza-
N = number of parels on the inner ahd outer contours

tion procedure that minimizes <the error in

Nh = number of holes
satisfying the specified Dirichlet temperature
N. = number of panels on the i'th hole (lsisNh)
boundary condition on the surface of each of the

q = specified heat flux
evolving interior holes. Portions of the inner

geometry that are specified to be fixed are not R the N-dimensional real vector space
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s = arc length along a panel

T = specified temperature

x = x-coordinate of the z-plane

X = vector containing both x and y coordinates
of points in the z-plane

y = y-coordinate of the z-plane

z = coordinate in the complex plane z=x+iy

z = panel control point coordinate

z* = panel end point coordinate
1,i,m,p = indices

Greek Symbols

a = line search parameter in optimization procedure

1 if end point is allowed to move

0 if end point is fixed

¢ =aecb-aisanelement of b

A = coefficient of heat conduction
2 = closed contour in the z-plane
¢ = temperature

Subscripts
s = airfoil surface
¢ =coclant/airfoil interface surface
(inner hole boundary)

o = particular point

Superscripts
n = iteration number

T = transpose of a vector or matrix

panel control point

* = panel end point

INTRODUCTION

The need for highly efficient turbomachirery

has become clear in the past decade due to rising

fuel costs. At the same time, tHe costs of large
scale testing of new designs have also escalated,
making preliminary design using computational

methods more attractive.

Due to its inherent complexity, the design
of internally cooled turbine airfoils has tradi-
tionally been accomplished using various approxi-
mate and empirical techniques. At the present
time, the shapes and locations of internal (coo-
lant) flow passages are determined from a complex
system of interconnected computer codes capable of
analyzing coolant flow, hot gas flow, heat trans-
fer, aercelasticity, weight etc. Nevertheless,
this represents a design method that is based on
repetitive analysis and modifications. An inverse
design on the other hand offers substantial say-
ings and exact fulfilment of specific design

objectives.

This paper describes a method for the
inverse design and analysis of comd]ex, multiholed
coolant flow passages taking into dccount only the
steady heat conduction in the kolid walls of
internally cooled turbine airfoills. In partic-
ular, this work is an extension of a method® * ?
developed by the authors for the indverse design of
a single coolant flow passage shape in an inter-
nally cooled turbine cascade airfon. The present
method can be wused for more realistic problems
where portions of the coolant flow passage con-
tours can be fixed to represent stﬁuts and surface
coolant ejection channels. This inverse design
techrnique allows the airfoi) designer to specify
the desired temperature or heat flyx at each point
on the turbine airfoil outer surfate, using what-

ever rational criteria he chooses (thermal stress



considerations, coolant flow availability,
effects on the outer flow field, etc.). Thus, the
use of this technique allows the designer almost
complete control over the temperature field within
the solid portions of the hollow airfoil. Poten-
tial savings from using this design method include
the possibility of achieving higher turbine inlet
temperatures and therefore higher stage efficien~
cy, lower coolant flow rates (implying less
bleed-air-induced compressor losses), and an over-
all increase in the engine's efficiency and reli-

ability (burn-through and thermal stress problems

are alleviated). It should be noted that existing

internally cooled turbine airfoil cascades can
also be analyzed using this technique, and can

possibly be redesigned for better performance.

THE GLOBAL INVERSE DESIGN CONCEPT

The first step in this inverse design proce-
dure is the specification of only one thermal
boundary condition on the airfoil outer suface.
This condition can be either the temperature or
the heat flux distribution. The hot gas flow
field exterior to the blade can be calculated
numerically using, say, an inviscid flow model*
coupled with an appropriate boundary layer
model.® ¢ Instead of using these viscous/inviscid
coupling concepts the Navier-Stckes equations’
could be used. Regardless of what flow solver is
used for the determination of the exterior flow,
the end result of the flow field calculation will
be the remaining airfoil outer surface quantity
(temperature or heat flux) that was not initially
specified. Alternatively, experimental data fin
the form of a Nusselt number distribution could

be wused with a specified surface temperature

distribution to obtain the surface heat flux dis-
tribution. Thus, the dual boundary conditions of
temperature and heat flux on the airfoil outer
surface can be obtained and are assumed to be giv-
en. Consequently, our inverse design procedure
focuses solely on the steady state heat conduction

problem in the solid portions of the airfoil.

The designer must specify the number of
holes that the cooled airfoil is to have, an ini-
tial guess for the shapes and positions of these
holes, the portions of the holes that are to
remain fixed and the desired temperature on the

surface of each of the holes.

The steady conduction of heat within the
solid portions of the airfoil is found by solving
Laplace's equation while imposing the dual bounda-
ry conditions of temperature and heat flux on the
outer surface of the airfoil. Since both Diri-
chlet and Neumann conditions are ‘imposed at each
point of the airfoil outer surfage, the problem
would be ill-posed if we explicitly enforced any
thermal boundary conditions on the inner hole
boundaries. However, the desired temperatures on
the inner holes are achieved implititly by allow-
ing the guessed shapes and locatipns of the coo-

tant flow passage contours to iteratively evolve.

The iterative design procedure begins with
the specification of the initial :blade ;nd hole
geometry. Then Laplace's equation is solved with
the aforementicned boundary conditions using a
first order surface panel integral :approach. From
this solution, the temperatures ‘at the control
points of each of the panels comprising the coo-

Tant fluid Passage geometry are calculated. These



calculated temperatures will in general be differ-
ent from the desired ones specified by the blade
designer. Thus, an optimization procedure is used
to modify the inner hole geometry to minimize the
difference between the calculated and specified
temperatures on the surface of each coolant flow
passage. Throughout the optimization procedure,
the dual outer surface thermal boundary conditions
are rigidly enforced and the airfoil outer surface
shape is kept fixed. When the temperature differ-
ence 1s below a certain tolerance the optimization
process 1s halted and the heat flux on the surface

of each coolant flow passage is calculated.

This heat flux alone then serves as an input
for the solution of the coolant fluid flow field
which 1s not the objective of discussion of this
paper. The solution of the coolant flow field
using the heat flux boundary condition (but not
the temperature boundary condition) will then pro-
duce temperature distributions on the airfoil
inner holes that are generally different from the
temperatures that were just calculated. Thus, the
newly found temperature distributions, or alterna-
tively some combination of the new temperatures
and the old ones, are used as the new thermal boun-
dary conditions on the surfaces of each inner
hole. These new temperatures are then used with
the optimization procedure to find the new shapes
and positions of the holes that satisfy the new

temperature boundary conditions.

This global iterative process is repeated
until a point is reached at which the airfoil
inner surface temperature distributions calcu-
tated from the coolant flow field solution match

the temperatures calculated from Laplace's

equation governing the steady state heat con-

duction inside the solid portiont of the cooled

airfoil.

This paper only addresses tha two-dimension-
al heat conduction inverse design problem in blade
cross-sections, although 1t must be noted that

this is not a limitation of the technique.

COOLANT FLOW PASSAGE SHAPE DETERMINATION

Keeping in mind that we are addressing only
the heat conduction problem inside the solid por-
tions of the cooled airfoil, we will assume that
the airfoll outer surface shape is to be kept

fixed.

Given the temperature and heat flux distributions
on the outer surface, Qs’ of a givein turbine blade
cross-section (fig. 1), the problem is then to
find the correct shapes and positidns of the inner
holes that satisfy all the specified thermal boun-
dary conditions. The three boundary conditions to
be satisfied are: 1) the airfoil outer surface
temperature, TS, 2) the airfoil outer surface heat
flux, a, and 3) the temperature on the surface of
each inrer hole, Tcm (ISmsNh). The solid portions
of the hollow airfoil are assumed to be homogene~
ous and made of a material with a censtant coeffi-
cient of heat conduction, . Thé heat flow is
assumed to be steady so that the temperature field
fn the material satisfies Laplace's equation

A\Wig = 0 (1)
where ¢ is the local temperature in the solid

blade material.



Panel Technique

From potential theory, it is known that a
solution to Laplace's equation can be found by
superimposing a series of fundamental solutions.
This 1s the basic principle that panel or singu-

larity distribution integral methods are based on.

Laplace's equation is solved using a first
order panel method. The reasons for using a panel
method, as opposed to a finite difference or
finite element field method, are that panel meth-
ods are inherently very efficient, and they are
especially suited for discretization of geomet-
rically irregular domains. In addition, the meth-
od is well understood, it is relatively easy to
implement and has been widely tested in a variety
of problems requiring solution of Laplace's

equation.

The panel technique described here utilizes
straight panels with a constant heat source
strength distribution to represent the heat flow
between the outer contour Qs, and the inner holes,
Qcm, ISmSNh (fig. 2). The temperature induced at

a point z, by a panel of strength k 1s given by

¢(z°) = k!znizo - z}lds (2)
where the integration is performed along the pan-
el. The outer (fixed) contour, QS. and the inner
(floating) contours, Qcm, arg discretized with an
equal number of straight panels. That {s, the
total number of panels on all the fnner holes must
add up to the number of panels that discretize the

cuter contour QS

:::l (Nm) =N 3

where Nm is the number of panels on the m'th inner

hole. If we number the hole panells consecutively

such that the index j 1s given by

im, 1) = 10 (-1Ny + 4 (1sj<N) (4)
where 1515Nm and ISmsNh, then we denote the
strength of the j'th inner panel (i'th panel on

the m'th hole) by kcj (or kc1 ). The strength of

,m
the j'th panel on the outer contour Qs is then

denoted by ksj. This gives

= N -
o(zo) = £j=1 (ksJJlnlz0 zldsj
* keylenfz ) - z[dsj) (5)
for the temperature ¢ at any point zo in the com-

plex z-plane.

From Fourier's heat conduction law the heat
flux in the direction n at any point zo is given
by

3
ez ) = (6)

N 3
j=1 gﬁ(ksjunlzp-zldsj + kcjflnlzp-z[dsj)

=-)x1
The airfoil outer surface thermal boundary condi-
tions of temperature and heat flux. are enforced at
the control points of the panels, zsj, defined as
the average of the panel end points, zs'j and
zs'j’l. Since there are N contro1‘points, and we
enforce two boundary conditions at each control
point, we need a total of 2N unknpwns to satisfy
the required boundary conditions. From eq. 3 we
see that there are a total of 2N panels on the out-
er and inner contours; thus, there gre 2N unknowns
of the problem, namely the strengths of the source
panels ksj and kcj, 1€jsN. Satisfying the 2N
boundary conditions produces four N X N influence

coefficient matrices that multiply the

source

strengths as
[Isij] {ksj) + [Icijl (kcj) = {Ts) (7)
[Jsij] (ksj) + [Jcij] (kcj) = (-q&i/)} (8)



This can also be written as the 2N X 2N partitioned

matrix:
Ile { Ic13 ksj Ts‘
------ el M (9)
Jsfj | Jcij kcJ -qsi/l

Here, Isij and Icij denote the influence of the
1'th outer or inner panel on the temperature at
the control point of the j'th outer panel, and
Jsij and Jcij denote the influence of the 1'th
outer or inner panel on the heat flux at the con-
trol point of the j'th outer panel. Solving
equation (9) gives the values of ksj and kcj which
satisfy the dual thermal boundary conditions on
the outer contour, Qs‘ The temperature at the
control point of each inner hole panel is then

calculated using eq. 2.

Inner Contour Correction

These calculated temperatures on the coolant
flow passage walls will in general be different
from the specified temperatures Tcm, ISmSNh. The
next step of the global inverse design procedure
is thus the minimization of the temperature dif-

ference using an optimization procedure.

Define the temperature difference at the
. .
J'th inner panel control point by

e5 = ¢(Ecj) - ch (10)

and the global error function E by

= N 2 - T 11
x *x = =

E(x*.y*) = Eioy (ej) ee (11)
The reason for using the global error function E
ts that setting the ej's to zero would give N
equations but in 2N unknowns, namely the x and y

coordinates of the end-points of the hole panels.

Thus, we use the formulation

find (x*, y*) ¢ RN such that
E(x*.y*) is minimized (12)
to render the problem determinate. The gradient
of E is denoted by g(x*,y*) and is a vector of
length 2N (N partials with respect to x* and N par-
tials with respect to y*). The iterative opti-

mization procedure {s given by

A R 1E) (13)
where X'1 is the vector of length 2N formed from
the two vectors of length N, x'i and y"1 (the coor-
dinates of the panel end-points), di is the
so-called 'search direction vector' (of length
2N), a is the scalar 'line search' parameter, and
B(1) is the index function that specifies which
panel end-points are to remain fixed. The vector
d is determined using either Cauchy's method of
steepest descent (d = g) or by the Davidon-Fletch-
er-Powell 'variable metric' methog® (d = Hg; H is
an updated approximation to the inverse of the
second partial derivative, or Hessian, matrix
a’E/aX'iaX'j, I<i<2N, 1<j<2N). The line search
parameter e is determined using Powell's quadratic

search algorithm®.

The gradient g is calculatad analytically.
This calculation involves the solution of a
2N X 2N linear system with the same coefficient
matrix of equation (9); however, the LU deccmpos-
ftion of the matrix is stored from the-so1ution
for the panel strengths and thus ‘can be used to

determine the gradient vector g Wwith negligible

extra computation,

The i{terative procedure is concluded when

the maximum error in satisfying the temperature



boundary condition on the inner contour is below a

certain specified tolerance.

RESULTS

A computer program was developed to imple-
ment the fnverse design procedure. Input to the
program includes the outer contour coordinates,
temperature and heat flux distributions, and the
desired inner hole temperatures. In addition, an
initial guess for the position and shape of each
inner hole and the index function B(i), 1 < i <N,

must be specified in the input data.

Results are presented for the case of an
actual turbine afrfoil design problem. The design
problem we considered is a turbine airfoil with
three coglant holes (fig. 1) which was used by
Nakata and Araki® as a test case for their bounda-
ry element analysis method. The geometry, temper-
ature, and heat flux data as given in their paper
formed the input and initfal guess for the design
problem. The inner hole geometry was modified to
include two struts and a trailing edge coolant

ejection channel as shown in fig. 2.

The holes were discetized with 10 paneis on
each hole resulting in a total of 30 panels dis-
cretizing the blade surface (fig. 2). Our program
was placed in analysis mode and the resulting tem-
peratures on the surface of each coolant hole were
calculated. Figure 3 shows a plot of constant
temperature contours for the initial configura-
tion. Next, we specified that the desired design
temperatures were to be 20°C less than the calcu-

lated ones on each fnner hole panel. The program

was then run in design mode using the new speci-
fied coolant hole surface temperatures. After 29
iterations, the solution converged to the shape
shown in fig. 4. We also ran the program with tem-
peratures that were specified to be 40°C less than
the calculated ones. The resulting converged sol-
ution (after 34 {terations) for the second design
case is shown in fig. 5, while flig. 6 shows the
optimization procedure convergencd history. From
these figures one can conclude that physically
realistic blade designs can be efficiently
obtained that produce lower hole surface temper-
atures while maintaining the structural integrity

of the fixed struts and coolant ejection channel.

6. FUTURE RESEARCH

There are many possibilities for extending
the present method to more complex problems with
Increased accuracy, namely using'a higher order
panel technique.'® A major extension of the meth-
od would be to make it fully three~dimensional by
using quadrilateral panels in place of the outer
blade surface (from hub to tip) and the unknown
inner holes''. Transpiration codled configura-
tions could be designed and analyzed also since
the coolant and heat flow through B porous medium
has been shown by Siegel®? to be derivable from a
potential. One of the most intriguing applications
for this design method would be to attempt an
optimum design of an almost entitely shock-free
cooled turbine cascade outer flow field.* This
quast-shock-free design procedure would not entail
any modification of the overall shape of the tur-
bine blade. The shock-free characker of the flow

field could possibly be maintained over a range of



operating inlet temperatures, Mach numbers, and
stagger angles by varying the coolant flow rate
and temperature and keeping the blade geometry
fixed. 1In addition, the method could possibly be
used to delay the onset of boundary-layer transi-
tion'?. Most importantly, future research should
involve experimental verification of the outlined

inverse design procedure.

7. SUMMARY

A procedure has been developed for the effi-
cient design and analysis of complex coolant flow
passage shapes 1in internally cooled configura-
tions. The method is particularly applicable to
cooled turbine airfoil cascade inverse design but
can also be used for the design of other config-
urations with non-adiabatic boundaries such as
missile cone tips and internal combustion engine
cylinders., The designer is able to specify and
fix the temperature or the heat flux at the tur-
bine airfoil outer surface and to specify the
desired temperature at the coolant/blade interface
surfaces. It {s also possible to fix portions of
the geometry of the coolant flow passages to rep-
resent struts and surface coolant ejection chan-
nels. The result of the design procedure is the
precise shape and location of each of the interfor
coolant flow passage contours (holes) that satisfy
all three of the above thermal boundary condi-
tions. When coupled with an appropriate flow sol-
ver and stress analysis code, the method provides
the gas turbine engine designer with an efficient
and accurate tool for the design of coolant flow
passages. The method 1is not limited to airfoil
cascade design, but can be used for the design of
coolant flow passages in fully three-dimensional

blades.
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Fig. 4 Turbine Design for Case # 1 Fig. 5 Turbine Design for Case # 2
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